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Extensions
Complexity perspective:
beyond Frege systems, Extended Frege and Substitution Frege system
are stronger proof systems.

I Extended Frege – Frege augmented with Tseitin extension rule
A↔ β (where A is a fresh atom)

I Substitution Frege – Frege augmented with
A

sub −−−
Aσ

I They are p-equivalent (Cook-Reckhow’79 and Krajíček-Pudlák ’89),
and a separation with Frege is not known.

SKSg can be augmented too along the same guidelines: it is p-equivalent.

1. we will see how SKSg p-simulate Extended Frege/Substitution frege

2. Challenge: can the same ’power’ be brought inside a formalism?

3. This is just one of the central questions driving current efforts in
research.



Extended Frege Proof Systems
xFrege is Frege augmented with the rule A↔ β (A: var, β: formula) s.t.

I the rule has no premisses;

I A does not appear before in the derivation, nor in β or in the
conclusion of the proof

A↔ β ‘stands for’ logical equivalence:

I it depends on the language of the specific Frege system;

I abbreviation of (A→ β) ∧ (β → A);
I A 6∈ α – abbreviation for "variables A and Ā do not appear in α"

Proof of αk in xFrege: a derivation with no premisses of αk of this shape:
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Theorem 4.11. For every derivation
α

Φ ∥∥ SKSg

β

there is a Frege derivation Υ with premiss α

and conclusion β; if n is the size of Φ, then the length and size of Υ are, respectively, O(n4)
and O(n5).

Proof. The statement immediately follows from Lemmas 4.9 and 4.10, after assuming
that the length of Φ is O(n). !
Corollary 4.12. Frege p-simulates SKSg and SKS.

Remark 4.13. As evidenced by the proofs of Theorems 4.6 and 4.11, it does not really
matter, for establishing the p-simulations, precisely which inference rules are adopted by
the CoS and Frege systems. In fact, the simulations work because the simulating systems
are implicationally complete and their set of proofs is closed under substitution. This
way, the constant-size proofs in one system, simulating the rules of the other system,
can be instantiated at a linear cost in order to simulate instances of rules. We can then
use a robustness theorem (see Theorem 4.2) for Frege in order to establish a robustness
theorem for CoS, possibly also for systems on mutually different languages: given two
implicationally complete CoS systems, we p-simulate each in two appropriate Frege sys-
tems and use Frege robustness.

5. EXTENSION AND SUBSTITUTION

In this section, we show how CoS systems can be extended with the Tseitin exten-
sion rule and with the substitution rule, analogously to Frege systems. We also show the
p-equivalence of all these systems, as described in the box of the diagram in the Intro-
duction. As always, we operate under robustness theorems (relying on the mentioned
one, Theorem 4.2) that ensure that the proof complexity properties we establish for the
specific systems actually hold for the formalisms they belong to.

Definition 5.1. An extended Frege (proof ) system is a Frege system augmented with the
(Tseitin) extension rule, which is a rule with no premisses and whose instances A↔β
are such that the variable A does not appear before in the derivation, nor appears in β
or in the conclusion of the proof. We write A /∈ α to state that variables A and Ā do
not appear in formula α. The symbol ↔ stands for logical equivalence, and the specific
syntax of the expressions A↔β depends on the language of the Frege system in use. In
the following, we consider A↔β a shortcut for (A→β) ∧ (β→A). We denote by xFrege

the proof system where a proof is a derivation with no premisses, conclusion αk , and
shape

α1, . . . ,αi1−1,

αi1
≡! "# $

A1↔β1 ,αi1+1, . . . ,αih−1,

αih
≡! "# $

Ah ↔βh ,αih+1, . . . ,αk ,

where all the conclusions of extension instances αi1
, . . . , αih

are singled out and

A1 /∈ α1, . . . ,αi1−1,β1,αk , . . . , Ah /∈ α1, . . . ,αih−1,βh ,αk ,

and the rest of the proof is as in Frege.

Remark 5.2. We could have equivalently defined an xFrege proof of α as a Frege deriva-
tion with conclusion α and premisses {A1↔β1, . . . ,Ah ↔βh} such that A1, Ā1, . . . , Ah ,
Āh are mutually distinct and A1 /∈ β1,α and . . . and Ah /∈ β1, . . . ,βh ,α. Notice that
xFrege is indeed a proof system in the sense that it proves tautologies. In fact, given the
xFrege proof just mentioned, we obtain a Frege proof by applying to it, in order, the
substitutions σh = Ah/βh , . . . , σ1 = A1/β1, and by prepending to it proofs of the tau-
tologiesβ1↔β1, (β2↔β2)σ1, . . . , (βh↔βh )σh−1 · · ·σ1. In general, a proof so obtained
is exponentially bigger than the xFrege one it derives from.



Extended Frege Proof Systems
I The single line Ai ↔ βi is not sound;
I it becomes sound once that Ai is instantiated;
I this suggests a different definition of xFrege proof:

Alternatively, define:

An xFrege proof of α is:
• a Frege derivation with conclusion α and premisses

{A1 ↔ β1, . . . , Ah ↔ βh},
• where A1, Ā1, . . . , An, Ān are mutually distinct, and
• A1, Ā1 ̸∈ β1, α; . . . . . . ; Ah, Āh ̸∈ β1, . . .βh, α

The xFrege proof becomes a Frege proof, when
• these substitutions are applied in the order:

σh = Ah/βh, . . . , σ1 = A1/β1, and
• the proof has a pre-proof of these tautologies

β1 ↔ β1

(β2 ↔ β2)σ1

. . .
(βh ↔ βh)σh−1 . . . σ1



Extended Frege Proof Systems

I xFrege is a proof system: it proves tautologies, eventually;
I the Frege proof obtained after recombination is much bigger than

the xFrege one;

I adapt the notion of proof in SKSg to integrate Tseitin’s rule
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of α is an SKSg derivation with conclusion α
and premiss [Ā1 ∨β1] ∧ [β̄1 ∨A1] ∧ · · · ∧ [Āh ∨βh] ∧ [β̄h ∨Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /∈β1,α and . . . and Ah /∈β1, . . . ,βh ,α. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 ∨β1] ∧ [β̄1 ∨A1] ∧ · · · ∧ [Āh ∨βh] ∧ [β̄h ∨Ah]
∥
∥ SKSg

αk

.

!
Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof

A1↔β1, . . . ,Ah ↔βh , . . . , (A1↔β1) ∧ · · · ∧ (Ah↔βh ) .

!
Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.

Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with

the substitution rule
A

sub
Aσ

. We denote by sFrege the proof system where a proof is a

derivation with no premisses, conclusion αk , and shape

α1, . . . ,αi1−1,

αi1
≡! "# $

α j1
σ1 ,αi1+1, . . . ,αih−1,

αih
≡! "# $

α jh
σh ,αih+1, . . . ,αk ,

where all the conclusions of substitution instances αi1
, . . . , αih

are singled out, α j1
∈

{α1, . . . ,αi1−1}, . . . , α jh
∈ {α1, . . . ,αih−1}, and the rest of the proof is as in Frege.

We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
Aσ

.

For every xFrege proof of size n there is an xSKSg one size O(n2), and
their lengths are in the same order:
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.
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[Ā1 ∨β1] ∧ [β̄1 ∨A1] ∧ · · · ∧ [Āh ∨βh] ∧ [β̄h ∨Ah]
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malisms (see diagram in the Introduction), the following theorem is very easy to prove.
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Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with

the substitution rule
A

sub
Aσ

. We denote by sFrege the proof system where a proof is a

derivation with no premisses, conclusion αk , and shape
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σ1 ,αi1+1, . . . ,αih−1,

αih
≡! "# $
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{α1, . . . ,αi1−1}, . . . , α jh
∈ {α1, . . . ,αih−1}, and the rest of the proof is as in Frege.
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Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
Aσ

.

Therefore, xSKSg p-simulates xFrege.



Substitution Frege Proof Systems

I sFrege is Frege augmented with the substitution rule
A

sub −−−
Aσ

.

I sub is not sound: the premiss does not imply the conclusion
(however, if the premiss is provable, also the conclusion is).

I A proof of αk in sFrege is a derivation with no premisses and
conclusion αk as follows:
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We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
Aσ

.



Substitution Frege Proof Systems

I Similarly, define an sSKSg proof as a proof of SKSg where we admit
steps generated by sub.

I sub is different from all the others in SKSg, for it cannot be used
inside contexts and is non-local.

I For example, the proof on the left is not valid:
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This rule does not fit any of the usual deep-inference rule classes (see Section 2), and
(as in Frege systems) is not sound, in the sense that the premiss does not imply the con-
clusion. However, of course, if the premiss is provable the conclusion also is.

Remark 5.10. Notice that instances of the substitution rule cannot be used inside a
context; for example, the expression on the left is not a valid sSKSg proof, while the one
on the right is:

t
i↓

A∨ Ā
sub?
(B ∧C ) ∨ Ā

,

t
i↓

A∨ Ā
sub
(B ∧C ) ∨ [B̄ ∨ C̄ ]

.

In the so-called ‘Formalism B’ of deep inference, which is currently under develop-
ment [Gug04], and for which all the proof-complexity results in this article apply un-
changed, substitution becomes part of the composition mechanism of proofs, rather than
an odd extension to the set of rules.

For the time being, we can establish the promised p-equivalence of all extended sys-
tems by completing the diagram in the Introduction with the last two missing steps.

Theorem 5.11. For every xSKSg proof of size n there exists an sSKSg proof of the same
formula and whose length and size are, respectively, O(n) and O(n2).

Proof. Consider the xSKSg proof

[Ā1 ∨β1] ∧ [β̄1 ∨A1] ∧ · · · ∧ [Āh ∨βh] ∧ [β̄h ∨Ah]
Φ ∥∥ SKSg

α

, where
A1 /∈β1,α ,
. . . ,
Ah /∈β1, . . . ,βh ,α ,

and let us call its premiss γ . We can build the sSKSg proof

t
i↓
γ̄ ∨ γ

γ̄∨Φ ∥∥ SKSg

[(A1 ∧ β̄1) ∨ (β1 ∧ Ā1) ∨ · · · ∨ (Ah ∧ β̄h ) ∨ (βh ∧ Āh)] ∨α
sub
[(A1 ∧ β̄1) ∨ (β1 ∧ Ā1) ∨ · · · ∨ (βh ∧ β̄h ) ∨ (βh ∧ β̄h)] ∨α

c↓
[(A1 ∧ β̄1) ∨ (β1 ∧ Ā1) ∨ · · · ∨ (βh ∧ β̄h )] ∨α

i↑
[(A1 ∧ β̄1) ∨ (β1 ∧ Ā1) ∨ · · · ∨ f] ∨α=

...
=
[(A1 ∧ β̄1) ∨ (β1 ∧ Ā1)] ∨α

sub
[(β1 ∧ β̄1) ∨ (β1 ∧ β̄1)] ∨α

c↓
(β1 ∧ β̄1) ∨α

i↑
f ∨α

=
α

.

!

Corollary 5.12. sSKSg p-simulates xSKSg.

Theorem 5.13. For every sSKSg proof of size n there exists a proof of the same formula in
sFrege, whose length and size are, respectively, O(n4) and O(n5).

I Relate an xSKSg proof to an sSKSg one and get an indirect relation
to sFrege



Substitution Frege Proof Systems
Given the xSKSg proof
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!

Corollary 5.12. sSKSg p-simulates xSKSg.

Theorem 5.13. For every sSKSg proof of size n there exists a proof of the same formula in
sFrege, whose length and size are, respectively, O(n4) and O(n5).

construct the sSKSg one
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!
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sFrege, whose length and size are, respectively, O(n4) and O(n5).



Substitution Frege Proof Systems

I Given the sSKSg proof (left),

I each Φi has a Frege derivation Υi with same premiss/conclusion

I that can be combined to deliver the sFrege proof (right)
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Proof. Every sSKSg proof has shape

t

Φ0
∥
∥ SKSg

α1
sub

α1σ1

Φ1
∥
∥ SKSg

...
Φh−1
∥
∥ SKSg

αh
sub

αhσh

Φh
∥
∥ SKSg

αh+1

.

By Theorem 4.11, for each of Φ0, . . . , Φh there exist Frege derivations Υ0, . . . , Υh with
the same premiss and conclusion, respectively. We can then build the proof

Υ0! "# $
. . . ,α1 ,

Υ1! "# $
α1σ1, . . . , . . . ,

Υh−1! "# $
. . . ,αh ,

Υh! "# $
αhσh , . . . ,αh+1

in sFrege; the cited theorem also yields its length and size. !

Corollary 5.14. sFrege p-simulates sSKSg.

Nothing prevents us from using Tseitin extension and the substitution rule with sys-
tem SKS, or any other atomic or nonatomic CoS system. The integration of these mech-
anisms into CoS is similar to their integration into Frege systems, as the simplicity of the
arguments showing p-equivalence testifies.

6. OPEN PROBLEMS

We conclude the article with a list of open problems, some of which are currently
investigated by us and other researchers.

6.1. Relation with Resolution and Other Formalisms. In this article, we explored
the relation between CoS and Frege systems, and in the cited literature the relation be-
tween CoS and Gentzen systems has been explored in depth. There are, of course, other
formalisms, like resolution, whose relation with CoS might lead to some interesting
research directions. For example, the note [Gug03] shows how simply, compared to
Gentzen systems, KS expresses resolution (analytically, of course).

6.2. Does Cocontraction Provide for an Exponential Speedup? As we argued in Re-
mark 3.6, we do not know whether KSg p-simulates KSg∪{c↑}, or, equivalently, whether
KS p-simulates KS∪ {ac↑}.

Our intuition, as well as some clues, like the mutual behaviour of the ‘atomic flows’
of contraction and cocontraction (see [GG08]) would lead us to believe that cocontrac-
tion indeed provides for an exponential speedup. However, we know that in similar
situations, like for dag-like versus tree-like Frege systems, intuition was fallacious.

If cocontraction yields an exponential speedup, we obtain an even stronger analytic
system than KSg, which is, in turn, stronger than analytic Gentzen. This would draw
interest to a hierarchy of analytic proof systems of different strength.

Unless we prove the p-equivalence of KSg and KSg∪ {c↑}, we tend to consider cocon-
traction a simple rule-based mechanism for compressing proofs, like cut, extension, and
substitution.
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Other Classical

We extend the presentation to more expressive logics, other than
classical, to the purpose of

1. providing case studies of substructural nature where we can still
observe/discuss many of the notions presented in classical logic:

I locality, atomicity, “axiom K”,...
I modular design, splitting, decomposition,...

2. justifing with an example the need of deep inference to handle
sequentiality (order)

Without entering into much technical detail, this will require looking at

1. linear logics MELL and MLL,

2. the deep inference system BV. [2]



MELL/SELS
id
⊢ A,A⊥

⊢ A,Φ ⊢ A⊥,Ψ
cut

⊢ Φ,Ψ

⊢ A,B,Φ
!
⊢ A ! B,Φ

⊢ A,Φ ⊢ B,Ψ
"
⊢ A " B,Φ,Ψ

⊢ Φ
⊥
⊢ ⊥,Φ

1
⊢ 1

⊢ A,Φ
dr
⊢?A,Φ

⊢?A, ?A,Φ
ct
⊢?A,Φ

⊢ Φ
wk
⊢?A,Φ

⊢ A, ?B1, . . . , ?Bn
!
⊢ !A, ?B1, . . . , ?Bn

(for n ! 0)

Figure 1: System MELL in the sequent calculus

expressions. Negation obeys the De Morgan laws:

(A ! B)⊥ = A⊥ " B⊥ ,

(A " B)⊥ = A⊥ ! B⊥ ,

(!A)⊥ = ?A⊥ ,

(?A)⊥ = !A⊥ ,

1⊥ = ⊥ ,

⊥⊥ = 1 ,

A⊥⊥ = A .

Formulae are considered equivalent modulo the smallest congruence satisfying
the equations above.

• Sequents, denoted with Σ, are expressions of the kind

⊢ A1, . . . , Ah ,

where h ! 0 and the comma between the formulae A1, . . . , Ah stands for multiset
union. Multisets of formulae are denoted with Φ and Ψ.

• Derivations, denoted with ∆, are trees where the nodes are sequents to which a
finite number (possibly zero) of instances of the inference rules shown in Figure 1
are applied. The sequents in the leaves are called premises, and the sequent in
the root is the conclusion. A derivation with no premises is a proof, denoted
with Π.
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Associativity

[R⃗, [T⃗ ] ] = [R⃗, T⃗ ]

(R⃗, (T⃗ )) = (R⃗, T⃗ )

Commutativity

[R⃗, T⃗ ] = [T⃗ , R⃗]

(R⃗, T⃗ ) = (T⃗ , R⃗)

Units

[⊥, R⃗] = [R⃗]

(1, R⃗) = (R⃗)

Singleton

[R] = R = (R)

Exponentials

?⊥ = ⊥
!1 = 1

??R = ?R

!!R = !R

Negation

⊥ = 1

1 = ⊥
[R1, . . . , Rh ] = (R̄1, . . . , R̄h)

(R1, . . . , Rh) = [R̄1, . . . , R̄h ]

?R = !R̄

!R = ?R̄
¯̄R = R

Figure 2: Basic equations for the syntactic congruence =

3.2 Definition In the same setting, we can define structure contexts, which are
structures with a hole. Formally, they are generated by

S ::= { } | [ R, . . . , R! "# $
!0

, S,R, . . . , R! "# $
!0

] | (R, . . . , R! "# $
!0

, S,R, . . . , R! "# $
!0

) | !S | ?S .

Because of the De Morgan laws there is no need to include the negation into the
definition of the context, which means that the structure that is plugged into the hole
of a context will always be positive. Structure contexts will be denoted with R{ },
S{ }, T{ }, . . . . Then, S{R} denotes the structure that is obtained by replacing the
hole { } in the context S{ } by the structure R. The structure R is a substructure of
S{R} and S{ } is its context. For a better readability, I will omit the context braces
if no ambiguity is possible, e.g. I will write S [R,T ] instead of S{[R,T ]}.
3.3 Example Let S{ } = [(a, ![{ }, ?a], b̄), b] and R = c and T = (b̄, c̄) then

S [R,T ] = [(a, ![c, (b̄, c̄), ?a], b̄), b] .

3.4 Definition In the calculus of structures, an inference rule is a scheme of the
kind

T
ρ

R
,

10

S{1}
ai↓

S [a, ā]

S(a, ā)
ai↑

S{⊥}

}
Interaction

S([R,U ], T )
s
S [(R,T ), U ]

⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

Core
S{![R,T ]}

p↓
S [!R, ?T ]

S(?R, !T )
p↑

S{?(R,T )}

S{⊥}
w↓

S{?R}
S{!R}

w↑
S{1}

⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

Non-core
S [?R,R]

b↓
S{?R}

S{!R}
b↑

S(!R,R)

Figure 4: System SELS

conclusion, be derivable: Let
S{P}

ρ
S{Q}

be given. Then any instance of
S{Q̄}

ρ′
S{P̄}

can be

replaced by the following derivation:

S{Q̄}
i↓

S(Q̄, [P, P̄ ])
s
S [(Q̄, P ), P̄ ]

ρ
S [(Q̄,Q), P̄ ]

i↑ .
S{P̄}

4.6 Proposition Every rule ρ↑ in SELS is derivable in {i↓, i↑, s, ρ↓}.
Propositions 4.4 and 4.6 together say, that the general cut rule i↑ is as powerful as

the whole up-fragment of the system and vice versa.

Observe that in Proposition 4.4 only the rules s, p↓ and p↑ are used to reduce the
general interaction and the general cut to their atomic version, whereas the rules w↓,
w↑, b↓ and b↑ are not used. This motivates the following definition.

4.7 Definition In system SELS, the rules s, p↓ and p↑ are called core part, whereas
the rules w↓, w↑, b↓ and b↑ are non-core.

So far we are only able to describe derivations. In order to describe proofs, we need
an axiom.

16
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3.2 Definition In the same setting, we can define structure contexts, which are
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definition of the context, which means that the structure that is plugged into the hole
of a context will always be positive. Structure contexts will be denoted with R{ },
S{ }, T{ }, . . . . Then, S{R} denotes the structure that is obtained by replacing the
hole { } in the context S{ } by the structure R. The structure R is a substructure of
S{R} and S{ } is its context. For a better readability, I will omit the context braces
if no ambiguity is possible, e.g. I will write S [R,T ] instead of S{[R,T ]}.
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T
ρ
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Modular Design

that
T

T1

{b↑}∆1

T2

{w↓}∆2

T3

{ai↓}∆3

R3

{s,p↓,p↑}∆4

R2

{ai↑}∆5

R1

{w↑}∆6

R
{b↓}∆7

for some structures T1, T2, T3, R1, R2 and R3.

Proof: The decomposition is done in three steps:

T

R
SELS∆

1
❀

T

T1

{b↑}∆1

R1

{ai↓,ai↑,s,p↓,p↑,w↓,w↑}∆′

R
{b↓}∆7

2
❀

T

T1

{b↑}∆1

T2

{w↓}∆2

R2

{ai↓,ai↑,s,p↓,p↑}∆′′

R1

{w↑}∆6

R
{b↓}∆7

3
❀

T

T1

{b↑}∆1

T2

{w↓}∆2

T3

{ai↓}∆3

R3

{s,p↓,p↑}∆4

R2

{ai↑}∆5

R1

{w↑}∆6

R
{b↓}∆7

.

The first step is done by Proposition 8.8, whose proof is postponed until the end of
this section. For the second step, we can repeatedly apply Lemma 6.4, Lemma 6.5 and
Lemma 6.9 (a) and (b). For the last step use Lemma 6.6, Lemma 6.7 and Lemma 6.9
(c) and (d). ⊓"

Before I complete the proof (i.e. state and prove Proposition 8.8), let me make one
more remark about the theorem.

8.2 Remark In the formulation of Theorem 8.1 it is enforced that the instances of b↑
and b↓ are at the top and the bottom of the derivation. But it is possible to exchange
the positions of w↓ and ai↓ in the derivation (see Section 6). By duality, the same
is true for w↑ and ai↑. It should also be mentioned that it is not possible to further
decompose the core-part of the derivation. The rules s, p↓ and p↑ are entangled in
such a way that they cannot be separated.

The remainder of this section is devoted to the proof of Proposition 8.8, which states

48
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Sequentiality and Depth

Looking for a proper algebraic correspondence of operators from
concurrency, not an encoding.

In CCS:
a.b | ā.b̄ τ−→ b | b̄ τ−→ 0.

If O is used for |, how would / look like, for .?
/ has a non-branching rule: / and O collapse!!
/ has a branching rule: Impossible to join the branches!!

?
...

/ −−−−−−−−−−−−−−
` a, b, (ā / b̄)

/ −−−−−−−−−−−−−−−−−
` (a / b), (ā / b̄)

O −−−−−−−−−−−−−−−−−−−
` (a / b) O (ā / b̄)

Ax −−−−−−
` a, ā ` a, b̄

/ −−−−−−−−−−−−−−−
` a, (ā / b̄)

` b, ā
Ax −−−−−−
` b, b̄

/ −−−−−−−−−−−−−−−−−
` b, (ā / b̄)

/ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
` (a / b), (ā / b̄)

O −−−−−−−−−−−−−−−−−−−
` (a / b) O (ā / b̄)



Sequentiality and Depth
Ideally, we would join two branches in the tree that are in � relation;
In sequent calculus we would need something like

` (a O ā) � (b O b̄)
−−−−−−−−−−−−−−−−−−−−
` (a / b) O (ā / b̄)

I Against the ethos of main connective! Not in sequent calculus

I is it a medial of deep inference? NO, it is an ad-hoc rule on three
relations

However, consider
` (a O ā) � (b O b̄)
−−−−−−−−−−−−−−−−−−−−
` (a O ā) / (b O b̄)
−−−−−−−−−−−−−−−−−−−
` (a / b) O (ā / b̄)

The lowermost rule ’fits’ the template of some medial and the topmost
rule only operates on the main connective.
This requires: contextual writing (D.I.) and O, /,� share the same unit



BV/SBV
I Structures

A System of Interaction and Structure 7

can also consider it as a partial representation of the proof above, which only deals with
the ! rule instances. This example is important and I invite the reader to get back to it
while reading this paper. The deductive mechanism we are going to see will take care of
the " rule instances which are present in the multiplicative linear logic proof and absent
from the graphs above.

The graph at the right is obtained from the left one by taking the horizontal mirror
image of the lower part above the row of atoms and by directing arcs. Nodes that are not
atoms have the only meaning of keeping things together. Being redundant, this kind of
structure is probably silly to use with linear logic; and anyway, my main interest here is
not in the partitioning of the times context. I will slightly generalise these structures in
order to include a new, non-commutative logical relation called seq, for which the top-down
symmetry will not be trivial any more.

Formally to deal with these graphs, I will now introduce a bit of syntax, alternative
to the one of linear logic. In this language the formula to be proved above can be written
[a, b, (b̄, [(ā, c), c̄])] and expressions like this are called structures. Instead of using binary
connectives for defining logical relations, I consider relations induced by a context, mean-
ing that, for example, [R1, . . . , Rh ] is a par structure, where the structures inside it are to
be considered connected by pars. Since par is commutative and associative (and the com-
mutativity and associativity equivalences are decidable), I will not distinguish structures
based on ordering or on the nesting of a par structure into another par. The same is true
for copar: a copar structure (R1, . . . , Rh) has the same properties as a par one.

2.1.1 Definition There are infinitely many positive atoms and infinitely many negative
atoms. Atoms, no matter whether positive or negative, are denoted by a, b, c, . . . . Struc-
tures, denoted by S, P , Q, R, T , U , V and X , are generated by

S ::= ◦ | a | ⟨S; . . . ; S! "# $
>0

⟩ | [ S, . . . , S! "# $
>0

] | (S, . . . , S! "# $
>0

) | S̄ ,

where ◦, the unit, is not an atom. ⟨S1; . . . ; Sh⟩ is called a seq structure, [S1, . . . , Sh ] is
called a par structure and (S1, . . . , Sh) is called a copar structure; S̄ is the negation of the
structure S; a negated atom ā is a negative atom if a is positive and a positive one if a is
negative. We can designate a special atom as a hole, denoted by { }, whose purpose is to
indicate a specific place in a given structure, where sometimes other structures are plugged
in; structures with a hole that does not appear in the scope of a negation are denoted as
in S{ }, and are called structure contexts. The structure R is a substructure of S{R}, and
S{ } is the context of R therein.

2.1.2 Notation When structural brackets of any kind surround the content of a hole, hole
braces will be omitted. For example, S [a, b] stands for S{[a, b]}.

2.1.3 Notation A letter implicitly establishes the class to which an object belongs: for
example, when we write S, we denote a structure, without necessarily saying explicitly
that S is a structure.

The structures S⟨R1; . . . ; Rh⟩, S [R1, . . . , Rh ] and S(R1, . . . , Rh) are respectively rep-
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Associativity

⟨R⃗; ⟨T⃗ ⟩; U⃗⟩ = ⟨R⃗; T⃗ ; U⃗⟩
[R⃗, [T⃗ ] ] = [R⃗, T⃗ ]

(R⃗, (T⃗ )) = (R⃗, T⃗ )

Singleton

⟨R⟩ = [R] = (R) = R

Unit

⟨◦; R⃗⟩ = ⟨R⃗; ◦⟩ = ⟨R⃗⟩
[◦, R⃗] = [R⃗]

(◦, R⃗) = (R⃗)

Commutativity

[R⃗, T⃗ ] = [T⃗ , R⃗]

(R⃗, T⃗ ) = (T⃗ , R⃗)

Negation

◦̄ = ◦
⟨R; T ⟩ = ⟨R̄; T̄ ⟩
[R, T ] = (R̄, T̄ )

(R, T ) = [R̄, T̄ ]
¯̄R = R

Contextual Closure

if R = T then S{R} = S{T} and R̄ = T̄

Fig. 1 Syntactic equivalence =

copar. A structure context S{ } is a proper seq context (a proper par context, a proper
copar context) if, for all X ̸= ◦, the structure S{X} is a proper seq (a proper par, a proper
copar). The structures whose normal forms do not contain seq structures are called flat
(if one normal form does not contain seq, none does).

The set of equations in Figure 1 is not minimal, of course, but there is no real reason
to minimise it. The structures [a, ◦, b], (([◦, b]), ⟨ā⟩) and (ā, ◦̄, b̄) are all equivalent by =,
but they are not in normal form; (ā, b̄) is equivalent to them and normal, as well as (b̄, ā);
so, all the previous structures are flat. Since structures are considered equivalent under =,
the structure [◦, ⟨a; b⟩] is a proper seq, but not a proper par or a proper copar; ⟨a; [◦, b]⟩ is
a proper seq, and ⟨a; [{ }, b]⟩ is a proper seq context, while [{ }, b] is a proper par context.

2.1.5 Remark All structures can equivalently be considered in normal form, since nega-
tions can always be pushed inward to atoms by using the negation axioms, and units can
be removed, as well as extra brackets (by associativity and singleton laws). Every struc-
ture can only be equivalent either to the unit, or to an atom, or, mutually exclusively, to
a proper seq, or a proper par, or a proper copar.

Please note that negation obeys De Morgan-like equivalences for par and copar; seq
is self-dual and ordering is maintained through negation. The reader should not be alarmed
by the equation ◦̄ = ◦. The use of the unit ◦ is slightly different from the traditional use
of logical units, like t and f. In our case ◦ is just a convenient, syntactic mark that allows
us to get a compact form for inference rules; I do not plan to interpret it semantically.
There are anyway consistent formal systems where the units collapse into a unique one for
all logical operators: for example, multiplicative linear logic with mix and nullary mix, a
logic of which BV is a conservative extension (See Remark 5.9).

2.1.6 Definition Given a structure S, we talk about atom occurrences when considering
all the atoms appearing in S as distinct (for example, by indexing them so that two atoms
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S{◦}
ai↓

S [a, ā]

S(a, ā)
ai↑

S{◦}

S⟨[R, T ]; [R′, T ′ ]⟩
q↓

S [⟨R; R′⟩, ⟨T ; T ′⟩]
S(⟨R; T ⟩, ⟨R′; T ′⟩)

q↑
S⟨(R, R′); (T, T ′)⟩

S([R, T ], R′)
s
S [(R, R′), T ]

Fig. 10 Symmetric basic system V (SBV )

itself is derivable for {ai↑, q↑, s}. There is a mutual dependence between q↑ and i↑.
Let us put together our simplest rules and give a name to the resulting system.

3.4.6 Definition The system {ai↓, ai↑, q↓, q↑, s}, shown in Figure 10, is called symmet-
ric basic system V , or SBV ; {ai↓, q↓, s} and {ai↑, q↑, s} are its down and up fragments,
respectively.

The following easy theorem provides some systems equivalent to SBV .

3.4.7 Theorem System SBV is strongly equivalent to the systems {i↓, i↑, g↓}, {i↓, i↑, g↑},
{ai↓, i↑, g↓} and {i↓, ai↑, g↑}.
Proof Let us prove strong equivalence of the system {i↓, i↑, g↓} and SBV : i↓ can be replaced
with {ai↓,q↓, s} (Theorem 3.4.2); i↑ with {ai↑, q↑, s} (Theorem 3.4.3); g↓ with {q↓, s} (Theorem
3.2.5). Conversely, the rule ai↓ is an instance of i↓, the rule ai↑ of i↑, the rules q↓ and s are
instances of g↓; by Corollary 3.4.5, the rule q↑ can be replaced with {i↓, i↑, q↓, s}, therefore with
{i↓, i↑, g↓}. Proceed analogously for {i↓, i↑, g↑}. The system {ai↓, i↑, g↓} is equivalent to {i↓, i↑, g↓}
because ai↓ is an instance of i↓, and by Theorem 3.4.2. Proceed analogously for {i↓, ai↑, g↑}.

!
3.4.8 Remark Strong equivalence of SBV and {ai↓, i↑, g↓}, so of SBV and {ai↓, i↑, q↓, s},
is remarkable because the entire up fragment of SBV that is not common to the down one
(i.e., the rules ai↑ and q↑) is concentrated in the rule i↑. See Remark 4.2.4.

3.4.9 Remark All the rules of SBV enjoy an important property: a certain notion of
computational cost is constant for each of them. In ai↓ and ai↑ we have to check whether
two atoms are dual through negation and erase them, or we have to introduce two dual
atoms, depending on the interpretation. In q↓, q↑ and s we have to rearrange some pointers
to the structures involved, without actually looking at the structures (think of the graphical
representation we saw). None of the rules in {i↓, i↑, g↓, g↑} enjoys this property, because
these rules involve actually inspecting the structures upon which they act.

Please note that there are no logical axioms in SBV , and derivations may grow
indefinitely in both directions: ai↓ and ai↑ may always be used.

I Unit rule
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4 Breaking the Symmetry

In the end, is the cut rule admissible? If we just look at derivations, the cut rule itself is
not replaceable with any other rule that we already have, except for the atomic cut rule,
since it is the only one that produces matter, i.e., atoms. But of course we want to look at
admissibility for proofs, i.e., special derivations in which all the matter is finally consumed.

A proof is an intrinsically asymmetric object, because at one side it has the formula
to be proved, and at the other it has logical axioms—in our case emptiness. Since there
are no logical axioms in SBV , we have no proofs. Let us add a logical axiom, and break the
symmetry, by not adding its ‘coaxiom’. (If I did so, I would get ‘coprovability’: a structure
is ‘coprovable’ when its negation is provable. Since there is no point in carrying on this
symmetry when I am interested in a non-symmetric idea, I leave the symmetry broken.)

4.1 Definition The following (logical axiom) rule ◦↓ is called unit :

◦↓ ◦ .

A proof is a derivation whose topmost inference is an instance of the unit rule. Proofs are
denoted by Π. A formal system S proves R if there is in S a proof Π whose conclusion
is R, written

R

SΠ (the name Π can be omitted). Two systems are (weakly) equivalent if

they prove the same structures.

Please note that ◦↓ can only occur once in a derivation, and only at the top. Of
course, I could have defined provability as the possibility of observing ◦ on top of a deri-
vation, without introducing ◦↓. I prefer following the traditional way, with logical axioms,
because this will allow, in future extensions, to express more complex provability observa-
tions in formal systems, rather than in definitions.

4.2 Definition An inference rule ρ is admissible for the formal system S if ρ /∈ S and
for every proof

R

S ∪{ρ} there exists a proof

R

S .

Of course, derivability implies admissibility.

As a result of the break in the symmetry, the cut rule becomes superfluous for proofs,
meaning that no production of matter is really necessary in order to annihilate the one we
already have, if this is at all possible. It turns out that not only i↑ (and ai↑) is admissible,
but the coseq rule q↑ is, too: the up fragment of SBV (excluding switch, which also belongs
to the down fragment) is not necessary when observing provability. What remains is the
formal system BV .

4.3 Definition The system {◦↓, ai↓, q↓, s}, in Figure 11, is denoted BV and called basic
system V .

This section is organised in two subsections: in the first one, the splitting theorem is
proved, in the second, it is applied to proving that q↑ and ai↑ are admissible for BV . The
splitting theorem is, perhaps as expected, technically complex. In exchange for the effort,
it is also more general than ordinary cut elimination, and is applicable to other logical
systems we are currently studying.

I BV
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◦↓ ◦
S{◦}

ai↓
S [a, ā]

S⟨[R, T ]; [R′, T ′ ]⟩
q↓

S [⟨R; R′⟩, ⟨T ; T ′⟩]
S([R, T ], R′)
s
S [(R, R′), T ]

Fig. 11 Basic system V (BV )

4.1 The Splitting Theorem

The classical arguments for proving cut elimination in the sequent calculus rely on the
following property: when the principal formulae in a cut are active in both branches, they
determine which rules are applied immediately above the cut. This is a consequence of
the fact that formulae have a root connective, and logical rules only hinge on that, and
nowhere else in the formula.

This property does not hold in the calculus of structures. Further, since rules can
be applied anywhere deep inside structures, everything can happen above a cut. This
complicates considerably the task of proving cut elimination. On the other hand, a great
simplification is made possible in the calculus of structures by the reduction of cut to
its atomic form. The remaining difficulty is actually understanding what happens, while
going up in a proof, around the atoms produced by an atomic cut. The two atoms of
an atomic cut can be produced inside any structure, and they do not belong to distinct
branches, as in the sequent calculus: complex interactions with their context are possible.
As a consequence, our techniques are largely different from the traditional ones.

Two approaches to cut elimination in the calculus of structures have been explored
in other papers: in [13] we relied on permutations of rules, in [9] the authors relied on
semantics. In this paper we use a third technique, called splitting, which has the advantage
of being more uniform than the one based on permutations and which yields a much simpler
case analysis. It also establishes a deep connection to the sequent calculus, at least for
the fragments of systems that allow for a sequent calculus presentation (in this case, the
commutative fragment). Since many systems are expressed in the sequent calculus, our
method appears to be entirely general; still it is independent of the sequent calculus and
of a complete semantics.

Splitting can be best understood by considering a sequent system with no weakening
and contraction. Consider for example multiplicative linear logic: If we have a proof of
the sequent

⊢ F{A ! B},Γ ,

where F{A ! B} is a formula that contains the subformula A ! B, we know for sure that
somewhere in the proof there is one and only one instance of the ! rule that splits A and
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I The "flat" (i.e. seq-free) part of BV corresponds to the fragment of
MLL+ mix + mix0;

I the rules for units ⊥ and 1, and the mix are
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Since cuts can be eliminated, by the property 2, the two proofs obtained in the inductive cases
can be transformed into cut-free proofs of MLL+mix. !

The correspondence between BV and MLL+mix, with respect to provability, is then
complete on their common language:

5.8 Theorem If a non-unit flat structure S is provable in BV then ⊢ S
L

is provable in
MLL+mix.

Proof It follows from Theorems 4.2.9 and 5.7. !
5.9 Remark The correspondence of FBV to linear logic can be extended to multiplica-
tive units as follows. Let ⊥ and 1 be, respectively, the units for the connectives " and #.
Consider adding to MLL+mix the following three inference rules, where the first two are
the usual rules for ⊥ and 1 and the third, called mix0, as Abramsky and Jagadeesan do in
[1], is a nullary version of mix:

⊢ Φ⊥ ,⊢ ⊥,Φ
1 ,⊢ 1 mix0 .⊢

These rules make ⊥ and 1 collapse: both ⊢ ⊥, ⊥ and ⊢ 1, 1 are provable. This means that
we are left, essentially, with a single unit for both " and #, and we can map this unit into
◦ with no effort.

6 Conclusions

The question answered by this paper is: Is it possible to design a formal system in the
tradition of proof theory, only based on simple properties that are universally recognised as
fundamental ones in the concurrent management of information? This system should only
come out of the analysis of some local properties of computation, like sending or receiving
an atomic message, or preventing information to be exchanged by turning a finite, bounded
switch. Not to float in a purely philosophical realm, I decided to apply these principles
to the concrete problem of extending the multiplicative core of linear logic with a non-
commutative operator. This investigation took the form of an experiment, of which I will
give an account that also summarises the results achieved.

I departed from the rigid scheme of the sequent calculus and conceived what I call
the ‘calculus of structures’. This is the tool I used for designing various formal systems,
and it has the following differences from the sequent calculus:

1 Structures take the place of formulae and sequents, and the difference is only in
the way we look at them. While formulae are trees built by binary connectives,
structures are collections of atom occurrences where each couple of occurrences is
bound by one and only one structural relation. Certain other laws hold for structures,
whose purpose is to establish some good modularity properties. I have characterised
the class of structures in terms of properties that structural relations must possess,
and this move frees us from the idiosyncrasies of syntax: we can say that structures
are essentially determined by their inner structural relations.
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id ⊢ A, Ā

⊢ A, B,Φ! ⊢ A ! B,Φ

⊢ A,Φ ⊢ B,Ψ" ⊢ A " B,Φ,Ψ

⊢ Φ ⊢ Ψ
mix ⊢ Φ,Ψ

Fig. 12 System MLL+mix

in its commutative fragment. The version of linear logic about which I will talk is the
multiplicative fragment plus mix, without units. As we will see later on, the rule mix is
necessary and fits naturally in our scheme, and its use is consistent with the results in [27],
where it is employed.

5.1 Definition The system of multiplicative linear logic without units and with the rule
mix is denoted by MLL+mix and is such that:

1 Formulae, denoted by A, B and C are built over atoms according to

A ::= a | A ! A | A " A | Ā ,

where the binary connectives ! and " are called respectively par and times and Ā is
the negation of A. When necessary, brackets are used to disambiguate expressions.
Negation is defined by De Morgan laws:

A ! B = Ā " B̄ ,

A " B = Ā ! B̄ ,

and formulae are considered equivalent modulo the relation =.

2 Sequents, denoted by Σ, are expressions of the kind

⊢ A1, . . . , Ah ,

where h ! 0 and the comma between the formulae A1, . . . , Ah stands for multiset
union. Multisets of formulae are denoted by Φ and Ψ . For example, ⊢ Φ,Ψ, A is a
sequent whose formulae are those in Φ " Ψ " {A}+.

3 Derivations, denoted by ∆, are trees represented like

Σ1 · · · Σh

∆

Σ

,

where h ! 0, the sequents Σ1, . . . , Σh are called premisses, Σ is the conclusion, and
a finite number (possibly zero) of instances of the inference rules in Figure 12 are
applied. A derivation with no premisses is a proof, denoted by Π.

Linear logic formulae correspond to flat structures (i.e., structures where seq contexts
do not appear) different from the unit.

I Mix (and mix0) make both ` ⊥,⊥ and ` 1, 1 be provable, so that
the two units collapse into one.
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Some features of BV/SBV [2]

I atomic interaction/cut;

I admissibility of up-fragment entails already cut-elimination;

I splitting theorem and cut-elimination as corollary;

I linear rules (apart interaction): q ↓ an instance of medial;

I ...

Employed in various directions, such as

I extension with a self-dual quantifier to capture linear
lambda-calculus [5]

I extension of MELL to deliver NELL[6][3]

I in relation to language design in concurrency/planning [1][4]



SBVB – Extension with a self-dual Binder

I Structures

The binder Sdb we introduce to extend SBV shares with the r-quantifier of [12] the
property of being self-dual. A connection between Sdb and the r-quantifier would require
to relate the sequent calculus system for generic judgments in [12] with SBVB in the style
of [4].

Finally, [22] inspired the two-arguments map L _ M_ from linear �-terms to formulas of
BVB. Anticipating a bit the content of Section 4, the definition of the basic clause of L _ M_ is
Lx Mo = hx / oi. Intuitively, the linear �-calculus variable x in L _ M_ becomes the name of an
input channel to the left of the occurrence / of Seq. The input channel is forwarded to the
output channel o in analogy with the forwarder [x]o = x(�) . oh�i which comes from [10] and
which is one of the defining clauses of the output-based embedding of standard �-calculus
with explicit substitutions into ⇡-calculus [22]. So, SBV can model a forwarder, the basic
input/output communication flow that �-variables realize. More specifically, Sdb allows to
model any on-the-fly renaming of channels that serves to model the substitution of a term for
a bound variable, i.e. the linear �-reduction process of linear �-calculus.

Acknowledgments. They are due to Paola Bruscoli and Lutz Straßburger who, thanks to
their detailed comments, helped to improve the presentation of this work.

Organization of the work. Section 2 introduces the extension SBVB (BVB) of SBV (BV).
Section 3 proves that SBVB is consistent by extending the proof of (the analogous of) cut-
elimination for SBV to SBVB. Section 4 recalls linear �-calculus and defines the embedding
of its terms to formulas of BVB. Section 5 shows the completeness of BVB w.r.t. linear
�-calculus. Section 6 comments about the lack of a reasonable soundness of BVB w.r.t. �-
calculus and points to future work.

2 Systems SBVB and BVB

We rework the contents of [17, 16].

Structures. Let a, b, c, . . . denote the elements of a countable set of positive propositional
variables. Let a, b, c, . . . denote the elements of a countable set of negative propositional
variables. The set of names, which we range over by n and m, contains positive and negative
propositional variables. Let � be a constant, di↵erent from any name, which we call unit. The
set of atoms contains both names and the unit. The set of structures identifies formulas of
SBVB. Structures belong to the language of the grammar in (1).

R ::= � | n | R | (R ✏ R) | hR / Ri | [R O R] | dRca (1)

We use P,R,T,U,V to range over structures. The Not structure is R, the CoPar structure is
(R ✏ T ), the Seq structure is hR / T i, the Par structure is [R O T ] and the new self-dual binder
Sdb is dRca. By definition, neither dRca nor dRc� belong to the syntax. Sdb induces notions
of free and bound occurrences of names, defined in (2).

4

Names (positive and negative propositional variable)
dRcā and dRc◦ do not follow from the definition (not allowed)

I the binder induces free/bound occurrences of names;

I renaming (of free occurrences of names) is needed, and the usual
equality relation of SBV is extended with the equations for the
binders

Negation

� ⇠ � (4)

R ⇠ R (5)

[R O T ] ⇠ (R ✏ T ) (6)

(R ✏ T ) ⇠ [R O T ] (7)

hR / T i ⇠ hR / T i (8)

dRca ⇠ dRca (9)

Commutativity

[R O T ] ⇠ [T O R] (10)

(R ✏ T ) ⇠ (T ✏ R) (11)

Associativity

(R ✏ (T ✏ V)) ⇠ ((R ✏ T ) ✏ V) (12)

hR / hT / Vii ⇠ hhR / T i / Vi (13)

[R O [T O V]] ⇠ [[R O T ] O V] (14)

Unit

(� ✏ R) ⇠ R (15)

h� / Ri ⇠ hR / �i ⇠ R (16)

[� O R] ⇠ R (17)

↵-rule

dRca ⇠ R if a < fn(R) (18)

dR{a/b}ca ⇠ dRcb if a 2 fn(R) (19)

ddRcbca ⇠ ddRcacb (20)

Contextual closure means that S{R} ⇡ S{T } whenever R ⇡ T . We remark that Sdb is self-dual
like Seq is. When introducing the logical rules we shall clarify why. The axiom (19) says that
a and a rename, i.e. replace, b and b, respectively, exactly when b 2 fn(R). The axiom (20)
allows to abbreviate d· · · dRca1 · · ·can as dRc~a where ~a is one of the permutations of a1, . . . , an.
Congruence extends naturally to contexts. For example, (S { } ✏ R) ⇡ (R ✏ S { }). Finally, we
say that R is a substructure of T whenever S{R} ⇡ T , for some S { }.

Structures which are Bound-variable equivalent. We say that two structures R and T are
bound-variable equivalent whenever there exist two structures U and V such that R ⇡ U and
V ⇡ T and bn(U) = bn(V). For example, [a O dbcb] and hddcd / d / ci are bound-variable
equivalent. Instead a and ddcd are not.

Free and bound names in contexts. Sdb induces free and bound names also on contexts
as given in (21) and (22), respectively.

; = fn({ })
a 2 fn(S { }) if a 2 fn(S { })
a 2 fn((S { } ✏ R)) if a 2 fn(S { }) [ fn(R)
a 2 fn(hS { } / Ri) if a 2 fn(S { }) [ fn(R)
a 2 fn(hR / S { }i) if a 2 fn(S { }) [ fn(R)
a 2 fn([S { } O R]) if a 2 fn(S { }) [ fn(R)
a 2 fn(dS { }cb) if a . b and a 2 fn(S { })

(21)
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Congruence extends naturally to contexts. For example, (S { } ✏ R) ⇡ (R ✏ S { }). Finally, we
say that R is a substructure of T whenever S{R} ⇡ T , for some S { }.

Structures which are Bound-variable equivalent. We say that two structures R and T are
bound-variable equivalent whenever there exist two structures U and V such that R ⇡ U and
V ⇡ T and bn(U) = bn(V). For example, [a O dbcb] and hddcd / d / ci are bound-variable
equivalent. Instead a and ddcd are not.

Free and bound names in contexts. Sdb induces free and bound names also on contexts
as given in (21) and (22), respectively.

; = fn({ })
a 2 fn(S { }) if a 2 fn(S { })
a 2 fn((S { } ✏ R)) if a 2 fn(S { }) [ fn(R)
a 2 fn(hS { } / Ri) if a 2 fn(S { }) [ fn(R)
a 2 fn(hR / S { }i) if a 2 fn(S { }) [ fn(R)
a 2 fn([S { } O R]) if a 2 fn(S { }) [ fn(R)
a 2 fn(dS { }cb) if a . b and a 2 fn(S { })

(21)
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�
ai# ������������������

[a O a]

(a ✏ a)
ai" �������������������

h[R O U] / [T O V]i
q# �������������������������������������������������������

[hR / T i O hU / Vi]
([R O T ] ✏ U)

s ���������������������������������������
[(R ✏ U) O T ]

(hR / T i ✏ hU / Vi)
q" �������������������������������������������������������h(R ✏ U) / (T ✏ V)i

d[R O U]ca
u# ��������������������������������������

[dRca O dUca]

(dRca ✏ dUca)
u" ��������������������������������������d(R ✏ U)ca

(25)

Every instance of an inference rule
T

⇢ ����
R

can be used in any context S { }, i.e. as
S{T }
⇢ ��������

S{R}. This

means that if a structure U matches S{R} then S{R} can be rewritten to S{T }. This justifies
calling R the redex of ⇢ and T its reduct.

Down and up fragments of SBVB. The set {ai#, s, q#, u#} is the down fragment BVB of
SBVB. The up fragment is {ai", s, q", u"}. So s belongs to both. The rule ai" plays the role
of the cut rule of sequent calculus. The down rule for Sdb restricts the following one:

8a.[R O U]
u# ������������������������������

[8a.R O 9a.U]
,

given in [19], to bind variable names only. Limiting Sdb to bind variables implies that the
di↵erence between existentially and universally quantified names disappears. The reason is
that the cut-elimination will have no need to distinguish between the substitution of an exis-
tentially quantified variable for a universally quantified one, or vice versa. So, Sdb becomes
self-dual.

Derivations vs. proofs. A derivation in SBVB is either a structure, considered up to the
equivalence relation ⇡, or a chain of consecutive instances of the rules in (25). Both � and
� will range over derivations. The topmost structure in a derivation is its premise. The
conclusion is its bottommost structure. A derivation � of a structure R in SBVB from a

structure T in SBVB which only uses a subset B of rules in SBVB is denoted by
T
�
�������B
R

or,

equivalently, by � :T `B R.
The derivation � : T `B R is a proof whenever T ⇡ �. We denote proofs by

�
�
�������B
R

or
�
�
�������B
R or

� :`B R. Both �, and  will range over proofs. We will drop B when clear from the context.
We will contract parts of derivations by means of macro rules. A macro rule takes

the form
T

{⇢1,..., ⇢m,n1,...,np} ====
R

. It highlights that R derives from T by using instances of the

rules ⇢1, . . . , ⇢m not necessarily in the given order, arbitrarily interspersed with p instances
n1, . . . , np of the equivalences (4), . . . , (20). In a macro rule, if q > 1 instances of some axiom
(n) of (4), . . . , (20), occurs among n1, . . . , np, then we write (n)q.
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I the binder is self-dual, (and is neither universal nor existential
quantifier);

I the rule u ↓ obeys the pattern of rule for quantifiers/modalities of
the modal axiom K (compare it with p ↓ rule in MELL, or u ↓ in
SKSq)

I the up fragment of the system is admissible
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Linear λ-calculus restricts λ-calculus:

I linear λ term and set of its free variable: every variable does not
occur more than once in the term:

I examples: λx.λy.x and λx.(x)x are not linear; λx.λz.λy.((x)y)z is
linear;

I operational semantics (in particular β)

rfl �����������������
M ) M

� �����������������������������������������������������
(�x.M) N ) (M) {x :=N}

M ) F F ) N
tra ������������������������������������������

M ) N

M ) N
f ������������������������������
�x.M ) �x.N

M ) N
@l ��������������������������������

(M) F ) (N) F

M ) N
@r ��������������������������������

(F) M ) (F) N

(29)

In (29), (M) {N := x} is the usual meta operation clash-free substitution. It replaces N for
the forcefully single occurrence of x in M. Finally, in analogy to the length of a derivation
in SBVB, kM ) Nk denotes the number of instances of rules in (29) used to derive a given
M ) N.

The map L _ M_. The three clauses (30a), (30b) and (30c) define it by mapping terms of ⇤
to structures of BVB.

Lx Mo = hx / oi (30a)
L�x.M Mo = dLM Mocx (30b)
L(M) N Mo = d[LM Mp O dLN Mqcq O hp / oi]cp with p, q fresh (30c)

We think that reading the embedding L _ M_ as it was a map from �-terms to processes is the
best way to have a catch on why L _ M_ works so that we can prove the completeness of proof-
search in BVB w.r.t. linear �-calculus. The map L _ M_ allows to reconstruct communication
paths inside a linear �-term. Every path links an input to the output. The reconstruction of
every path relies on merging names of input channels with names of output channels and
on preserving the order relation associated to Seq. A little bit more technically, we can
describe how L _ M_ works by rephrasing the description of the embedding of the �-calculus
to ⇡-calculus in [22], source of inspiration for L _ M_.

• The clause (30a) sees the variable x as an input channel which retransmits what it takes
in input to the output channel o.

• For any abstraction �x.M, the clause (30b) gives the name o to the output of M which
also becomes the output name of the whole �x.M. We bind the input x of M by means
of Sdb letting it ready to merge with suitably bound output channels. We carry out
merging by means of the renaming which is part of the definition of Sdb.
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I M and N have their own output channels p, q, but the use of q

needs to be “protected” by binding q so that it does not “clash”
with p; what comes from p needs to be output in o, binding the
channel name to the one of M
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I variable x is an input that passes the information on the output
channel o;

I The output channel where M flows is bound on x
I M and N have their own output channels p, q, but the use of q

needs to be “protected” by binding q so that it does not “clash”
with p; what comes from p needs to be output in o, binding the
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Conclusions
By now we might have gathered a general understanding of:

I the basic notions and terminology of deep inference, and the
intuition that deep inference allows to join-back the branches of
proof trees;

I atomic and linear rules and examples of their use;
I the fact that splitting theorems (and cut elimination as corollary)

require atomic rules and deep inference to be formulated;
I an idea of the cost (in complexity in terms of size of proof) of

several transformations, in relation to classical logic;
I an idea (gathered through examples from proofs of theorems) that

substituting atoms with units/formulae/derivations is an operation
exploited in many relevant proof transformations (including
cut-elimination procedures and splitting theorems).

Next week these concepts will be further discussed and developed, also
from a more semantical perspective.
Hoping you enjoyed this course and will continue to follow the sequel!
Thanks for participating!
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