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Topics

Proof theory and theoretical computer science.

Representation, manipulation, composition and complexity of proofs
and algorithms.

Some of our objectives:

I attacking the problem of the identity of proofs (and algorithms);

I simplifying and extending proof theory;

I giving a reasonable normalisation theory to logics that need one;

I integrate process algebras into proof theory.

This course will illustrate all these points.

Introduction Topics and objectives 5 / 231



Prerequisites

An acquaintance with the basics of Gentzen proof theory and analyticity
[37] is helpful.

An acquaintance with some linear logic [18] is also helpful but not
necessary.

Unfortunately there is no textbook yet on deep inference. Everything is
still pretty new and the notation is not well-established. What we show
here requires a bit of maturity just to cope with the different notation
styles in the various papers.
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Moral objectives of this course

We want to change the way you look at proofs, by adopting a geometric
perspective.

This way we get rid of most of proof bureaucracy and we can focus on
the important factors that affect proofs, their complexity and their
normalisation procedures.
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Technical objectives of this course

We introduce atomic flows and their transformations and investigate
the main proof normalisation techniques that benefit from them:

1. cut elimination by experiments;

2. streamlining by normalisers;

3. cut elimination by decomposition ( + splitting);

4. quasipolynomial-time cut elimination by threshold formulae.

These techniques are in order of increasing dependency on logical
structure and each corresponds to one of the first four lectures.

We will show the impact of thinking about proof theory via atomic
flows with two in-depth examples:

1. the development of a new logic and its normalisation theory;

2. improving the complexity of proofs and their normalisation.
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The problem of proof identity

Hilbert himself thought about this problem, but it is very hard to
formulate it in a technical way. Nonetheless there is progress.
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Proof Systems

Proof = string of symbols.

Proof system = algorithm checking proofs in polytime.

Theorem 1 (Cook and Reckhow [12])

∃ super proof system
iff

NP = co-NP

where

super = with polysize proofs over each proved tautology

Therefore proofs can be almost anything but they better be small.
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The problem of proof identity: Questions

This is sometimes called ‘Hilbert’s 24th problem’ (see [38]).

CAN WE DECIDE WHETHER TWO PROOFS ARE THE SAME?

CAN WE DECIDE WHETHER TWO ALGORITHMS ARE THE SAME?

Questions:

I What is a good representation?

I What is a good decision procedure?
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The problem of proof identity: State of the art

What we have:

I Representation: plenty of formalisms, i.e., syntax: e.g, Hilbert-Frege
systems, Gentzen systems, resolution, logic and functional
programming languages, …, C++.

←− Mathematically poor.

I Mathematically powerful abstraction methods, i.e., semantics.

←− Driven by mathematically poor computation models.

I Inadequate decision procedures.

←− Especially for concurrent
algorithms.
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The problem of proof identity: Example 1

We could say that two proofs are the same if they normalise to the
same proof. This ‘works’ for intuitionistic logic (it is basically
computation in the λ-calculus).

Perhaps OK! But:

I we equate proofs of wildly different sizes, because cut-elimination
is at least exponential;

I the decision cost corresponds to the computation cost, i.e. it can
be huge;

I this idea fails for classical logic, because cut-elimination is
non-confluent.

←− In Gentzen!

One big problem is that semantics usually does not take size into
consideration (only results matter).

Another big problem (in AG’s opinion) is that we should design
languages starting from how we compute with them, not from what we
compute. Gentzen was mostly interested in the ‘what’ and his view has
not been sufficiently challenged.
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The problem of proof identity: Example 2
Lafont’s counterexample [19]: the proof

π1

A
w

A, C

π2

B
w

C̄, A
cut

A, B

reduces to either
π1

A
w or

A, B

π2

B
w .

A, B

The lack of confluency is just lack of compositional freedom and too
strong dependency on syntax. Semantics follows blindly, unfortunately.

Just take
π1 ∨ π2 !
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The problem of proof identity: Our path
towards the solution

Slogan: good semantics = good notion of proof identity.

Normalisation is central.

Slogan: computation = normalisation but not just in the Curry-Howard
sense.

Normalisation strongly depends on composition (because normalising
means shuffling proofs).

Syntax (bureaucracy) is an enemy, and (existing) semantics is not
necessarily a friend.
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Problem:
getting rid of
bureaucracy
in proofs

Proof Nets and the Identity of Proofs 11
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Figure 2: From sequent calculus to proof nets via coherence graphs

2.3.4 Exercise Reduce in (6) the leftmost instance of id to atomic version. And draw the proof net according
to the method in Figure 1. What does change compared to the net in (9)?

For dealing with cuts (without forgetting them!), we can prevent the flow-graph from flowing through the
cut, i.e., by keeping the information that there is a cut. What is meant by this is shown in Figure 4.

2.3.5 Exercise Compare the net obtained in Figure 4 with your result of Exercise 2.3.4.

Now, we indeed get the same result with both methods, and it might seem foolish to emphasize the di!erent
nature of the two methods if they yield the same notion of proof net. The point to make here is that this is
the case only for MLL!, which is a very fortunate coincidence. For any other logic, which is more sophisticated,
like classical logic or larger fragments of linear logic, the two methods yield di!erent notions of proof nets. We
will come back to this in later sections when we discuss these logics.

2.4 From deep inference to proof nets

The flow graph method has the advantage of being independent from the formalism that is used for describing
the deductive system for the logic. We will now repeat exactly the same exercise we did for the sequent calculus

RR n 6013

Picture taken from Lutz Straßburger’s lecture [34] at ESSLLI 2006

Idea: in order to compare proofs
I from ‘different’ Gentzen sequent proofs we get possibly

isomorphic proof nets [18],

I but they are too small: for propositional logic, they probably do
not form a proof system.

That said, geometry is a good way of capturing symmetries that syntax
struggles with.

Introduction The problem of proof identity 16 / 231



Problem:
getting rid of
bureaucracy
in proofs

Proof Nets and the Identity of Proofs 11

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

"
! a! "(a ! a), a! id

! a!, a!
! a! "(a ! a), a! ! a!, a

exch
! a! "(a ! a), a, a! ! a!

"
! a! "(a ! a), a "(a! ! a!)

id
! a!, a

id
! a, a! id

! a!, a!
! a, a! ! a!, a

exch
! a, a, a! ! a!

"
! a, a "(a! ! a!)!

! a!, a ! a, a "(a! ! a!)"
! a! "(a ! a), a "(a! ! a!)

id
! a, a!

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

exch
! a!, a!, a ! a"

! a!, a! "(a ! a)!
! a, a! ! a!, a! "(a ! a)"

! a "(a! ! a!), a! "(a ! a)
exch

! a! "(a ! a), a "(a! ! a!)

" " "

id
! !,

id
! , !

!
! !, ! , !

"
! ! "( ! ), ! id

! !,!
! ! "( ! ), ! ! !,

exch
! ! "( ! ), , ! ! !

"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

"
! a! "(a ! a), a! id

! a!, a!
! a! "(a ! a), a! ! a!, a

exch
! a! "(a ! a), a, a! ! a!

"
! a! "(a ! a), a "(a! ! a!)

id
! !,

id
! , ! id

! !,!
! , ! ! !,

exch
! , , ! ! !

"
! , "( ! ! !)!

! !, ! , "( ! ! !)"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a! id

! a!, a!
! a, a! ! a!, a

exch
! a, a, a! ! a!

"
! a, a "(a! ! a!)!

! a!, a ! a, a "(a! ! a!)"
! a! "(a ! a), a "(a! ! a!)

id
! , !

id
! !,

id
! , !

!
! !, ! , !

exch
! !, !, !"

! !, ! "( ! )!
! , ! ! !, ! "( ! )"

! "( ! ! !), ! "( ! )
exch

! ! "( ! ), "( ! ! !)

id
! a, a!

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

exch
! a!, a!, a ! a"

! a!, a! "(a ! a)!
! a, a! ! a!, a! "(a ! a)"

! a "(a! ! a!), a! "(a ! a)
exch

! a! "(a ! a), a "(a! ! a!)

" " "

id
! !,

id
! , !

!
! !, ! , !

"
! ! "( ! ), ! id

! !,!
! ! "( ! ), ! ! !,

exch
! ! "( ! ), , ! ! !

"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

"
! a! "(a ! a), a! id

! a!, a!
! a! "(a ! a), a! ! a!, a

exch
! a! "(a ! a), a, a! ! a!

"
! a! "(a ! a), a "(a! ! a!)

id
! !,

id
! , ! id

! !,!
! , ! ! !,

exch
! , , ! ! !

"
! , "( ! ! !)!

! !, ! , "( ! ! !)"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a! id

! a!, a!
! a, a! ! a!, a

exch
! a, a, a! ! a!

"
! a, a "(a! ! a!)!

! a!, a ! a, a "(a! ! a!)"
! a! "(a ! a), a "(a! ! a!)

id
! , !

id
! !,

id
! , !

!
! !, ! , !

exch
! !, !, !"

! !, ! "( ! )!
! , ! ! !, ! "( ! )"

! "( ! ! !), ! "( ! )
exch

! ! "( ! ), "( ! ! !)

id
! a, a!

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

exch
! a!, a!, a ! a"

! a!, a! "(a ! a)!
! a, a! ! a!, a! "(a ! a)"

! a "(a! ! a!), a! "(a ! a)
exch

! a! "(a ! a), a "(a! ! a!)

" " "

a! a a a a! a!

! !
" "

a! a a a a! a!

! !
" "

a! a a a a! a!

! !
" "

Figure 2: From sequent calculus to proof nets via coherence graphs

2.3.4 Exercise Reduce in (6) the leftmost instance of id to atomic version. And draw the proof net according
to the method in Figure 1. What does change compared to the net in (9)?

For dealing with cuts (without forgetting them!), we can prevent the flow-graph from flowing through the
cut, i.e., by keeping the information that there is a cut. What is meant by this is shown in Figure 4.

2.3.5 Exercise Compare the net obtained in Figure 4 with your result of Exercise 2.3.4.

Now, we indeed get the same result with both methods, and it might seem foolish to emphasize the di!erent
nature of the two methods if they yield the same notion of proof net. The point to make here is that this is
the case only for MLL!, which is a very fortunate coincidence. For any other logic, which is more sophisticated,
like classical logic or larger fragments of linear logic, the two methods yield di!erent notions of proof nets. We
will come back to this in later sections when we discuss these logics.

2.4 From deep inference to proof nets

The flow graph method has the advantage of being independent from the formalism that is used for describing
the deductive system for the logic. We will now repeat exactly the same exercise we did for the sequent calculus
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Idea: in order to compare proofs
I from ‘different’ Gentzen sequent proofs we get possibly

isomorphic proof nets [18],
I but they are too small: for propositional logic, they probably do

not form a proof system.

That said, geometry is a good way of capturing symmetries that syntax
struggles with.

Introduction The problem of proof identity 16 / 231



Problem:
getting rid of
bureaucracy
in proofs

Proof Nets and the Identity of Proofs 11

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

"
! a! "(a ! a), a! id

! a!, a!
! a! "(a ! a), a! ! a!, a

exch
! a! "(a ! a), a, a! ! a!

"
! a! "(a ! a), a "(a! ! a!)

id
! a!, a

id
! a, a! id

! a!, a!
! a, a! ! a!, a

exch
! a, a, a! ! a!

"
! a, a "(a! ! a!)!

! a!, a ! a, a "(a! ! a!)"
! a! "(a ! a), a "(a! ! a!)

id
! a, a!

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

exch
! a!, a!, a ! a"

! a!, a! "(a ! a)!
! a, a! ! a!, a! "(a ! a)"

! a "(a! ! a!), a! "(a ! a)
exch

! a! "(a ! a), a "(a! ! a!)

" " "

id
! !,

id
! , !

!
! !, ! , !

"
! ! "( ! ), ! id

! !,!
! ! "( ! ), ! ! !,

exch
! ! "( ! ), , ! ! !

"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

"
! a! "(a ! a), a! id

! a!, a!
! a! "(a ! a), a! ! a!, a

exch
! a! "(a ! a), a, a! ! a!

"
! a! "(a ! a), a "(a! ! a!)

id
! !,

id
! , ! id

! !,!
! , ! ! !,

exch
! , , ! ! !

"
! , "( ! ! !)!

! !, ! , "( ! ! !)"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a! id

! a!, a!
! a, a! ! a!, a

exch
! a, a, a! ! a!

"
! a, a "(a! ! a!)!

! a!, a ! a, a "(a! ! a!)"
! a! "(a ! a), a "(a! ! a!)

id
! , !

id
! !,

id
! , !

!
! !, ! , !

exch
! !, !, !"

! !, ! "( ! )!
! , ! ! !, ! "( ! )"

! "( ! ! !), ! "( ! )
exch

! ! "( ! ), "( ! ! !)

id
! a, a!

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

exch
! a!, a!, a ! a"

! a!, a! "(a ! a)!
! a, a! ! a!, a! "(a ! a)"

! a "(a! ! a!), a! "(a ! a)
exch

! a! "(a ! a), a "(a! ! a!)

" " "

id
! !,

id
! , !

!
! !, ! , !

"
! ! "( ! ), ! id

! !,!
! ! "( ! ), ! ! !,

exch
! ! "( ! ), , ! ! !

"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

"
! a! "(a ! a), a! id

! a!, a!
! a! "(a ! a), a! ! a!, a

exch
! a! "(a ! a), a, a! ! a!

"
! a! "(a ! a), a "(a! ! a!)

id
! !,

id
! , ! id

! !,!
! , ! ! !,

exch
! , , ! ! !

"
! , "( ! ! !)!

! !, ! , "( ! ! !)"
! ! "( ! ), "( ! ! !)

id
! a!, a

id
! a, a! id

! a!, a!
! a, a! ! a!, a

exch
! a, a, a! ! a!

"
! a, a "(a! ! a!)!

! a!, a ! a, a "(a! ! a!)"
! a! "(a ! a), a "(a! ! a!)

id
! , !

id
! !,

id
! , !

!
! !, ! , !

exch
! !, !, !"

! !, ! "( ! )!
! , ! ! !, ! "( ! )"

! "( ! ! !), ! "( ! )
exch

! ! "( ! ), "( ! ! !)

id
! a, a!

id
! a!, a

id
! a, a!

!
! a!, a ! a, a!

exch
! a!, a!, a ! a"

! a!, a! "(a ! a)!
! a, a! ! a!, a! "(a ! a)"

! a "(a! ! a!), a! "(a ! a)
exch

! a! "(a ! a), a "(a! ! a!)

" " "

a! a a a a! a!

! !
" "

a! a a a a! a!

! !
" "

a! a a a a! a!

! !
" "

Figure 2: From sequent calculus to proof nets via coherence graphs

2.3.4 Exercise Reduce in (6) the leftmost instance of id to atomic version. And draw the proof net according
to the method in Figure 1. What does change compared to the net in (9)?

For dealing with cuts (without forgetting them!), we can prevent the flow-graph from flowing through the
cut, i.e., by keeping the information that there is a cut. What is meant by this is shown in Figure 4.

2.3.5 Exercise Compare the net obtained in Figure 4 with your result of Exercise 2.3.4.

Now, we indeed get the same result with both methods, and it might seem foolish to emphasize the di!erent
nature of the two methods if they yield the same notion of proof net. The point to make here is that this is
the case only for MLL!, which is a very fortunate coincidence. For any other logic, which is more sophisticated,
like classical logic or larger fragments of linear logic, the two methods yield di!erent notions of proof nets. We
will come back to this in later sections when we discuss these logics.

2.4 From deep inference to proof nets

The flow graph method has the advantage of being independent from the formalism that is used for describing
the deductive system for the logic. We will now repeat exactly the same exercise we did for the sequent calculus

RR n 6013

Picture taken from Lutz Straßburger’s lecture [34] at ESSLLI 2006

Idea: in order to compare proofs
I from ‘different’ Gentzen sequent proofs we get possibly

isomorphic proof nets [18],
I but they are too small: for propositional logic, they probably do

not form a proof system.

That said, geometry is a good way of capturing symmetries that syntax
struggles with.
Introduction The problem of proof identity 16 / 231



Problem: compressing proofs

How can we make proofs smaller?

Known mechanisms:

1. Re-use the same sub-proof: cut rule.

←− Proof theory.

2. Re-use the same sub-proof: dagness

1

, or cocontraction:
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FIGURE 3. Systems SKS and KS.

We can now define some deep-inference proof systems. System SKS is the most impor-
tant for the proof theory of classical logic, because of its atomic structural rules. System
SKSg relates SKS to proof systems in other formalisms, like Frege.

Definition 2.13. CoS proof systems KSg = {i#,w#,c#, s}, SKSg = KSg % {i",w",
c"}, KS = {ai#,aw#,ac#, s,m} and SKS = KS % {ai",aw",ac"} are defined in Figures 2
and 3, for a language containing f, t, disjunction, and conjunction. Proof systems where
none of the rules i", ai", w", and aw" appear are said to be analytic.

Example 2.14. This is a valid derivation in all CoS proof systems defined previously
(and it plays a role in the proof of Lemma 3.11):

! $ [((["̄ $"] ! c ) ! (" ! d )) $#]
=
! $ [(((" ! d ) ! c) ! [" $ "̄]) $#]

s
! $ [[(((" ! d ) ! c ) !") $ "̄] $#]

=
["̄ $ !] $ [((" ! c ) ! (" ! d )) $#]

.

Note that SKSg, KSg, SKS, and KS are closed under renaming and substitution (see
Remark 2.11). This is so because of the distinction between atoms and formula variables.
Obtaining the closure of these and other systems under renaming and substitution is one
of the main technical reasons for distinguishing between atoms and variables.

The following theorem is proved in [Brü04], and follows immediately from Sec-
tion 3.1, where we prove that CoS systems p-simulate Gentzen systems.

.

3. Substitution:
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of ! is an SKSg derivation with conclusion !
and premiss [Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /#"1,! and . . . and Ah /#"1, . . . ,"h ,!. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah]
$
$ SKSg

!k

.

!
Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof

A1%"1, . . . ,Ah %"h , . . . , (A1%"1) " · · · " (Ah%"h ) .

!
Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.

Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with

the substitution rule
A

sub
A#

. We denote by sFrege the proof system where a proof is a

derivation with no premisses, conclusion !k , and shape

!1, . . . ,!i1&1,

!i1
'! "# $

! j1
#1 ,!i1+1, . . . ,!ih&1,

!ih
'! "# $

! jh
#h ,!ih+1, . . . ,!k ,

where all the conclusions of substitution instances !i1
, . . . , !ih

are singled out, ! j1
#

{!1, . . . ,!i1&1}, . . . , ! jh
# {!1, . . . ,!ih&1}, and the rest of the proof is as in Frege.

We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
A#

.

←− In Frege, equivalent to (4).

4. Tseitin extension: p↔ A (where p is a fresh atom).

←− Optimal?

5. Higher orders (including 2nd order propositional).

We will see that 1– 4 (and a bit also 5) have a lot to do with
proof composition: this is our main tool.

Our main objective is providing for small spaces of canonical proofs
(= eliminating bureaucracy = getting good proof semantics).

1

Dagness is a terrible word. It is a combination of everything evil in this world. For
example lies, smoke, gall, ugly teeth, darkness, greedy, venereal disease, war, death and so
on. The word dagness can be compared to the devil but it is much worse. “My biggest fear
is dagness”. The Urban Dictionary.
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c"}, KS = {ai#,aw#,ac#, s,m} and SKS = KS % {ai",aw",ac"} are defined in Figures 2
and 3, for a language containing f, t, disjunction, and conjunction. Proof systems where
none of the rules i", ai", w", and aw" appear are said to be analytic.

Example 2.14. This is a valid derivation in all CoS proof systems defined previously
(and it plays a role in the proof of Lemma 3.11):

! $ [((["̄ $"] ! c ) ! (" ! d )) $#]
=
! $ [(((" ! d ) ! c) ! [" $ "̄]) $#]

s
! $ [[(((" ! d ) ! c ) !") $ "̄] $#]

=
["̄ $ !] $ [((" ! c ) ! (" ! d )) $#]

.

Note that SKSg, KSg, SKS, and KS are closed under renaming and substitution (see
Remark 2.11). This is so because of the distinction between atoms and formula variables.
Obtaining the closure of these and other systems under renaming and substitution is one
of the main technical reasons for distinguishing between atoms and variables.

The following theorem is proved in [Brü04], and follows immediately from Sec-
tion 3.1, where we prove that CoS systems p-simulate Gentzen systems.

.
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of ! is an SKSg derivation with conclusion !
and premiss [Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /#"1,! and . . . and Ah /#"1, . . . ,"h ,!. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah]
$
$ SKSg

!k

.

!
Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof

A1%"1, . . . ,Ah %"h , . . . , (A1%"1) " · · · " (Ah%"h ) .

!
Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.

Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with

the substitution rule
A

sub
A#

. We denote by sFrege the proof system where a proof is a

derivation with no premisses, conclusion !k , and shape

!1, . . . ,!i1&1,

!i1
'! "# $

! j1
#1 ,!i1+1, . . . ,!ih&1,

!ih
'! "# $

! jh
#h ,!ih+1, . . . ,!k ,

where all the conclusions of substitution instances !i1
, . . . , !ih

are singled out, ! j1
#

{!1, . . . ,!i1&1}, . . . , ! jh
# {!1, . . . ,!ih&1}, and the rest of the proof is as in Frege.

We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
A#

.

←− In Frege, equivalent to (4).

4. Tseitin extension: p↔ A (where p is a fresh atom).

←− Optimal?

5. Higher orders (including 2nd order propositional).

We will see that 1– 4 (and a bit also 5) have a lot to do with
proof composition: this is our main tool.

Our main objective is providing for small spaces of canonical proofs
(= eliminating bureaucracy = getting good proof semantics).

1

Dagness is a terrible word. It is a combination of everything evil in this world. For
example lies, smoke, gall, ugly teeth, darkness, greedy, venereal disease, war, death and so
on. The word dagness can be compared to the devil but it is much worse. “My biggest fear
is dagness”. The Urban Dictionary.
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Problem: compressing proofs

How can we make proofs smaller? Known mechanisms:

1. Re-use the same sub-proof: cut rule. ←− Proof theory.

2. Re-use the same sub-proof: dagness
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We can now define some deep-inference proof systems. System SKS is the most impor-
tant for the proof theory of classical logic, because of its atomic structural rules. System
SKSg relates SKS to proof systems in other formalisms, like Frege.

Definition 2.13. CoS proof systems KSg = {i#,w#,c#, s}, SKSg = KSg % {i",w",
c"}, KS = {ai#,aw#,ac#, s,m} and SKS = KS % {ai",aw",ac"} are defined in Figures 2
and 3, for a language containing f, t, disjunction, and conjunction. Proof systems where
none of the rules i", ai", w", and aw" appear are said to be analytic.

Example 2.14. This is a valid derivation in all CoS proof systems defined previously
(and it plays a role in the proof of Lemma 3.11):

! $ [((["̄ $"] ! c ) ! (" ! d )) $#]
=
! $ [(((" ! d ) ! c) ! [" $ "̄]) $#]

s
! $ [[(((" ! d ) ! c ) !") $ "̄] $#]

=
["̄ $ !] $ [((" ! c ) ! (" ! d )) $#]

.

Note that SKSg, KSg, SKS, and KS are closed under renaming and substitution (see
Remark 2.11). This is so because of the distinction between atoms and formula variables.
Obtaining the closure of these and other systems under renaming and substitution is one
of the main technical reasons for distinguishing between atoms and variables.

The following theorem is proved in [Brü04], and follows immediately from Sec-
tion 3.1, where we prove that CoS systems p-simulate Gentzen systems.
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of ! is an SKSg derivation with conclusion !
and premiss [Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /#"1,! and . . . and Ah /#"1, . . . ,"h ,!. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah]
$
$ SKSg

!k

.

!
Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof

A1%"1, . . . ,Ah %"h , . . . , (A1%"1) " · · · " (Ah%"h ) .
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Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.
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are singled out, ! j1
#

{!1, . . . ,!i1&1}, . . . , ! jh
# {!1, . . . ,!ih&1}, and the rest of the proof is as in Frege.

We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
A#

.

←− In Frege, equivalent to (4).

4. Tseitin extension: p↔ A (where p is a fresh atom).

←− Optimal?

5. Higher orders (including 2nd order propositional).

We will see that 1– 4 (and a bit also 5) have a lot to do with
proof composition: this is our main tool.

Our main objective is providing for small spaces of canonical proofs
(= eliminating bureaucracy = getting good proof semantics).

1

Dagness is a terrible word. It is a combination of everything evil in this world. For
example lies, smoke, gall, ugly teeth, darkness, greedy, venereal disease, war, death and so
on. The word dagness can be compared to the devil but it is much worse. “My biggest fear
is dagness”. The Urban Dictionary.
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We can now define some deep-inference proof systems. System SKS is the most impor-
tant for the proof theory of classical logic, because of its atomic structural rules. System
SKSg relates SKS to proof systems in other formalisms, like Frege.

Definition 2.13. CoS proof systems KSg = {i#,w#,c#, s}, SKSg = KSg % {i",w",
c"}, KS = {ai#,aw#,ac#, s,m} and SKS = KS % {ai",aw",ac"} are defined in Figures 2
and 3, for a language containing f, t, disjunction, and conjunction. Proof systems where
none of the rules i", ai", w", and aw" appear are said to be analytic.

Example 2.14. This is a valid derivation in all CoS proof systems defined previously
(and it plays a role in the proof of Lemma 3.11):

! $ [((["̄ $"] ! c ) ! (" ! d )) $#]
=
! $ [(((" ! d ) ! c) ! [" $ "̄]) $#]

s
! $ [[(((" ! d ) ! c ) !") $ "̄] $#]

=
["̄ $ !] $ [((" ! c ) ! (" ! d )) $#]

.

Note that SKSg, KSg, SKS, and KS are closed under renaming and substitution (see
Remark 2.11). This is so because of the distinction between atoms and formula variables.
Obtaining the closure of these and other systems under renaming and substitution is one
of the main technical reasons for distinguishing between atoms and variables.

The following theorem is proved in [Brü04], and follows immediately from Sec-
tion 3.1, where we prove that CoS systems p-simulate Gentzen systems.
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of ! is an SKSg derivation with conclusion !
and premiss [Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /#"1,! and . . . and Ah /#"1, . . . ,"h ,!. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah]
$
$ SKSg

!k

.

!
Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof

A1%"1, . . . ,Ah %"h , . . . , (A1%"1) " · · · " (Ah%"h ) .

!
Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.

Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with

the substitution rule
A

sub
A#

. We denote by sFrege the proof system where a proof is a

derivation with no premisses, conclusion !k , and shape
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'! "# $

! j1
#1 ,!i1+1, . . . ,!ih&1,
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! jh
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where all the conclusions of substitution instances !i1
, . . . , !ih

are singled out, ! j1
#

{!1, . . . ,!i1&1}, . . . , ! jh
# {!1, . . . ,!ih&1}, and the rest of the proof is as in Frege.

We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
A#

.

←− In Frege, equivalent to (4).

4. Tseitin extension: p↔ A (where p is a fresh atom). ←− Optimal?

5. Higher orders (including 2nd order propositional).

We will see that 1– 4 (and a bit also 5) have a lot to do with
proof composition: this is our main tool.

Our main objective is providing for small spaces of canonical proofs
(= eliminating bureaucracy = getting good proof semantics).

1

Dagness is a terrible word. It is a combination of everything evil in this world. For
example lies, smoke, gall, ugly teeth, darkness, greedy, venereal disease, war, death and so
on. The word dagness can be compared to the devil but it is much worse. “My biggest fear
is dagness”. The Urban Dictionary.

Introduction The problem of proof identity 17 / 231

http://www.urbandictionary.com/define.php?term=Dagness


Problem: compressing proofs

How can we make proofs smaller? Known mechanisms:

1. Re-use the same sub-proof: cut rule. ←− Proof theory.

2. Re-use the same sub-proof: dagness

1

, or cocontraction:

ON THE PROOF COMPLEXITY OF DEEP INFERENCE 7

Structural rules Logical rule

SKSg

!
""""""""""""#
""""""""""""$

A! Ā
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We can now define some deep-inference proof systems. System SKS is the most impor-
tant for the proof theory of classical logic, because of its atomic structural rules. System
SKSg relates SKS to proof systems in other formalisms, like Frege.

Definition 2.13. CoS proof systems KSg = {i#,w#,c#, s}, SKSg = KSg % {i",w",
c"}, KS = {ai#,aw#,ac#, s,m} and SKS = KS % {ai",aw",ac"} are defined in Figures 2
and 3, for a language containing f, t, disjunction, and conjunction. Proof systems where
none of the rules i", ai", w", and aw" appear are said to be analytic.

Example 2.14. This is a valid derivation in all CoS proof systems defined previously
(and it plays a role in the proof of Lemma 3.11):

! $ [((["̄ $"] ! c ) ! (" ! d )) $#]
=
! $ [(((" ! d ) ! c) ! [" $ "̄]) $#]

s
! $ [[(((" ! d ) ! c ) !") $ "̄] $#]

=
["̄ $ !] $ [((" ! c ) ! (" ! d )) $#]

.

Note that SKSg, KSg, SKS, and KS are closed under renaming and substitution (see
Remark 2.11). This is so because of the distinction between atoms and formula variables.
Obtaining the closure of these and other systems under renaming and substitution is one
of the main technical reasons for distinguishing between atoms and variables.

The following theorem is proved in [Brü04], and follows immediately from Sec-
tion 3.1, where we prove that CoS systems p-simulate Gentzen systems.
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of ! is an SKSg derivation with conclusion !
and premiss [Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /#"1,! and . . . and Ah /#"1, . . . ,"h ,!. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah]
$
$ SKSg

!k

.
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Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof
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!
Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.

Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with
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. We denote by sFrege the proof system where a proof is a
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We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
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.

←− In Frege, equivalent to (4).

4. Tseitin extension: p↔ A (where p is a fresh atom). ←− Optimal?
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We will see that 1– 4 (and a bit also 5) have a lot to do with
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i"

f

A
w"

t

A
c"

A!A
cointeraction coweakening cocontraction

or cut

t
i#

A$ Ā
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We can now define some deep-inference proof systems. System SKS is the most impor-
tant for the proof theory of classical logic, because of its atomic structural rules. System
SKSg relates SKS to proof systems in other formalisms, like Frege.

Definition 2.13. CoS proof systems KSg = {i#,w#,c#, s}, SKSg = KSg % {i",w",
c"}, KS = {ai#,aw#,ac#, s,m} and SKS = KS % {ai",aw",ac"} are defined in Figures 2
and 3, for a language containing f, t, disjunction, and conjunction. Proof systems where
none of the rules i", ai", w", and aw" appear are said to be analytic.

Example 2.14. This is a valid derivation in all CoS proof systems defined previously
(and it plays a role in the proof of Lemma 3.11):

! $ [((["̄ $"] ! c ) ! (" ! d )) $#]
=
! $ [(((" ! d ) ! c) ! [" $ "̄]) $#]

s
! $ [[(((" ! d ) ! c ) !") $ "̄] $#]

=
["̄ $ !] $ [((" ! c ) ! (" ! d )) $#]

.

Note that SKSg, KSg, SKS, and KS are closed under renaming and substitution (see
Remark 2.11). This is so because of the distinction between atoms and formula variables.
Obtaining the closure of these and other systems under renaming and substitution is one
of the main technical reasons for distinguishing between atoms and variables.

The following theorem is proved in [Brü04], and follows immediately from Sec-
tion 3.1, where we prove that CoS systems p-simulate Gentzen systems.

.

3. Substitution:
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SKSg can analogously be extended, but there is no need to create a special rule; we
only need to broaden the criterion by which we recognize a proof.

Definition 5.3. An extended SKSg proof of ! is an SKSg derivation with conclusion !
and premiss [Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah], where A1, Ā1, . . . , Ah , Āh
are mutually distinct and A1 /#"1,! and . . . and Ah /#"1, . . . ,"h ,!. We denote by xSKSg

the proof system whose proofs are extended SKSg proofs.

Theorem 5.4. For every xFrege proof of length l and size n there exists an xSKSg proof of
the same formula and whose length and size are, respectively, O(l ) and O(n2).

Proof. Consider an xFrege proof as in Definition 5.1. By Remark 5.2 and Theorem 4.6,
there exists the following xSKSg proof, whose length and size are yielded by 4.6:

[Ā1 !"1] " ["̄1 !A1] " · · · " [Āh !"h] " ["̄h !Ah]
$
$ SKSg

!k

.

!
Although not strictly necessary to establish the equivalence of the four extended for-

malisms (see diagram in the Introduction), the following theorem is very easy to prove.

Theorem 5.5. For every xSKSg proof of size n there exists an xFrege proof of the same
formula and whose length and size are, respectively, O(n4) and O(n5).

Proof. Consider an xSKSg proof as in Definition 5.3. The statement is an immediate
consequence of Theorem 4.11, after observing that there is an O(h)-length and O(hn)-
size xFrege proof

A1%"1, . . . ,Ah %"h , . . . , (A1%"1) " · · · " (Ah%"h ) .

!
Corollary 5.6. Systems xFrege and xSKSg are p-equivalent.

We now move to the substitution rule.

Definition 5.7. A substitution Frege (proof ) system is a Frege system augmented with

the substitution rule
A

sub
A#

. We denote by sFrege the proof system where a proof is a

derivation with no premisses, conclusion !k , and shape

!1, . . . ,!i1&1,

!i1
'! "# $

! j1
#1 ,!i1+1, . . . ,!ih&1,

!ih
'! "# $

! jh
#h ,!ih+1, . . . ,!k ,

where all the conclusions of substitution instances !i1
, . . . , !ih

are singled out, ! j1
#

{!1, . . . ,!i1&1}, . . . , ! jh
# {!1, . . . ,!ih&1}, and the rest of the proof is as in Frege.

We rely on the following result.

Theorem 5.8. (Cook-Reckhow and Krajíček-Pudlák, [CR79, KP89]) Systems xFrege

and sFrege are p-equivalent.

We can extend SKSg with the same substitution rule as for Frege. The rule is used like
other proper rules of system SKSg, so its instances are interleaved with =-rule instances.

Definition 5.9. An sSKSg proof is a proof of SKSg where, in addition to the inference
steps generated by rules of SKSg, we admit inference steps obtained as instances of the

substitution rule
A

sub
A#

.

←− In Frege, equivalent to (4).

4. Tseitin extension: p↔ A (where p is a fresh atom). ←− Optimal?

5. Higher orders (including 2nd order propositional).

We will see that 1– 4 (and a bit also 5) have a lot to do with
proof composition: this is our main tool.

Our main objective is providing for small spaces of canonical proofs
(= eliminating bureaucracy = getting good proof semantics).

1

Dagness is a terrible word. It is a combination of everything evil in this world. For
example lies, smoke, gall, ugly teeth, darkness, greedy, venereal disease, war, death and so
on. The word dagness can be compared to the devil but it is much worse. “My biggest fear
is dagness”. The Urban Dictionary.
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Problem: compressing proofs

How can we make proofs smaller? Known mechanisms:

1. Re-use the same sub-proof: cut rule. ←− Proof theory.
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Problem: compressing proof (search) spaces
How can we make proof (search) spaces smaller?

This also has a lot to
do with proof composition:

By liberalising proof composition we get
I more proofs in the proof (search) space, but

←− This is bad.

I smaller (search) subspaces of canonical proofs.

←− This is good.
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Solution: proof composition mechanisms
beyond Gentzen

Less is more.

Let’s make better use of what we have already.
FORGET EVERYTHING YOU KNOW ABOUT PROOF THEORY.

Given two proofs φ : A⇒ B and ψ : C ⇒ D:

1. For a logical connective ? we have:

φ ? ψ : (A ? C)⇒ (B ? D)

Proofs are composed by the connectives of the formula language.
2. For an inference rule B/C we have:

φ/ψ : A⇒ D

Proofs are composed by inference rules.
3. For an atom a we have:

φ{a � ψ} : A{a � C, ā � D̄} ⇒ B{a � D, ā � C̄}

Proofs are composed by substitution.
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Proofs are composed by substitution.

Introduction The problem of proof identity 19 / 231



Solution: proof composition mechanisms
beyond Gentzen

Less is more. Let’s make better use of what we have already.
FORGET EVERYTHING YOU KNOW ABOUT PROOF THEORY.

Given two proofs φ : A⇒ B and ψ : C ⇒ D:

1. For a logical connective ? we have:

φ ? ψ : (A ? C)⇒ (B ? D)

Proofs are composed by the connectives of the formula language.
2. For an inference rule B/C we have:

φ/ψ : A⇒ D

Proofs are composed by inference rules.
3. For an atom a we have:
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Two formalisms
Open deduction: composition by (1) connectives and (2) inference rules.

I It exists [22] and it can be taken as a definition for deep inference.

I It generalises the sequent calculus by removing its restrictions.

I Sequents ≈ ‘depth-1 inference without full inference composition’.

I Hypersequents ≈ ‘depth-2 inference without full inference
composition’ [2].

I It compresses proofs by cut, dagness and depth itself (new,
exponential speed-up).

I We’ll show the main ideas and some results (Lectures 1–5.1).

‘Formalism B’: open deduction + (3) substitution.

I It almost exists (ongoing work with Bruscoli, Gundersen and
Parigot).

I It further compresses proofs by substitution (conjectured further
superpolynomial speed-up, it is equivalent to Frege + substitution).

I We’ll show some ideas and what we think we can get (Lecture 5.2).
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Lecture 1: Open deduction and the
‘experiments’ method

Reference on open deduction:

I AG, Tom Gundersen and Michel Parigot. A Proof Calculus Which
Reduces Syntactic Bureaucracy. [22] (Here we use slightly less
general definitions.)

References on atomic flows:

I Tom Gundersen. A General View of Normalisation Through Atomic
Flows. [24] (Comprehensive exposition of the material in the first
two lectures.)

I AG, Tom Gundersen and Lutz Straßburger. Breaking Paths in Atomic
Flows for Classical Logic. [23] (Quick exposition of atomic flows
with some category theory.)

I AG and Tom Gundersen. Normalisation Control in Deep Inference
Via Atomic Flows. [21] (Several examples in a somewhat compact
exposition.)
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Definition of open deduction

Open deduction is a freer form of calculus of structures. It is simpler,
but it takes getting used to, especially for people biased by Gentzen.
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Deep inference

It is the free composition of proofs via the same connectives as
formulae.

If

φ =
A

B
and ψ =

C

D

are two proofs with, respectively, premisses A and C and conclusions B
and D, then

(φ ∧ ψ) =
(A ∧ C)

(B ∧ D)
and [φ ∨ ψ] =

[A ∨ C]

[B ∨ D]

are valid proofs with, respectively, premisses (A ∧ C) and [A ∨ C], and
conclusions (B ∧ D) and [B ∨ D].
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Formal definitions

The previous slide is enough to understand open deduction. However,
one needs technical definitions, so we provide them, up to slide 39. For
simplicity, we limit ourselves to propositional logic (for now), but the
extension to higher orders and other logics is trivial.

Read those slides as an exercise.
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Formulae and formula contexts of SKS

Definition 2
Let A be a denumerable set of atoms whose elements are denoted by a,
b, c, …. There is a bijective map ·̄ : A→ A, called negation, such that
ā 6= a and ¯̄a = a. The set F of formulae of SKS contains terms defined
by the grammar

F ::= A | f | t | (F∨ F) | (F∧ F) ,

where the following distinct symbols do not belong to A: the units f and
t, the disjunction and conjunction connectives ∨ and ∧, respectively.
Formulae are denoted by A, B, C, …. A (formula) context K{ } · · · { } is
a formula where some subformulae are substituted by holes;
K{A1} · · · {An} denotes a formula where the n holes in K{ } · · · { }
have been filled with A1, …, An. The expression A ≡ B means that the
formulae A and B are syntactically equal. We omit parentheses when
there is no ambiguity.
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Prederivations of SKS

Definition 3
We define as follows the set P of prederivations, denoted by φ, ψ and
χ, and the two functions premiss and conclusion, respectively
pr, cn : P→ F:

I F⊂P and for every formula A ∈ F we have pr A ≡ cn A ≡ A;

I if φ, ψ ∈P then (φ ∨ ψ) and (φ ∧ ψ) are prederivations said to
be composed by connectives and such that

pr(φ ∨ ψ) ≡ (prφ ∨ prψ) , cn(φ ∨ ψ) ≡ (cnφ ∨ cnψ) ,

pr(φ ∧ ψ) ≡ (prφ ∧ prψ) , cn(φ ∧ ψ) ≡ (cnφ ∧ cnψ) ;
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Prederivations of SKS (cont.)

I if φ, ψ ∈P then
φ

ψ
is a prederivation said to be composed by

inference and such that

pr
φ

ψ
≡ prφ and cn

φ

ψ
≡ cnψ ;

I P is the minimal set satisfying the previous conditions.

A (prederivation) context κ{ } · · · { } is a prederivation where some
sub-prederivations are substituted by holes; κ{φ1} · · · {φn} denotes a
prederivation where the n holes in κ{ } · · · { } have been filled with φ1,
…, φn. We extend in the natural way the definition of pr and cn to
contexts. To improve readability sometimes we enclose prederivations
in boxes.

Lecture 1: Open deduction and the ‘experiments’ method Definition of open deduction 27 / 231



Composition of prederivations of SKS

Definition 4
Let φ and ψ be two prederivations such that cnφ ≡ prψ; in this case

we define their composition
φ
....
ψ

as the prederivation recursively defined

as follows, where φ′, φ′′, ψ′ and ψ′′ are some prederivations:

I if φ is a formula then
φ
....
ψ
≡ ψ; analogously if ψ is a formula then

φ
....
ψ
≡ φ;

I if φ ≡ φ′ ∨ φ′′ then ψ ≡ ψ′ ∨ ψ′′, and we define
φ
....
ψ
≡
φ′
....
ψ′
∨
φ′′
.....
ψ′′

;

the case of composition by the connective ∧ is analogous;
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Composition of prederivations of SKS (cont.)

I if φ ≡
φ′

φ′′
then

φ
....
ψ
≡

φ′
(
φ′′
....
ψ

)
; analogously, if ψ ≡

ψ′

ψ′′
then

φ
....
ψ
≡

(
φ
....
ψ′

)

ψ′′
.

For example:

A

B
∨

D

E
..................
B

C
∨

E

F

≡
A

B

C

∨
D

E

F
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Sections in SKS

Proposition 5
For every prederivation φ and prederivation context κ{ } there exist
prederivations ψ and χ and a formula context K{ } such that

κ{φ} ≡
ψ

..........
K{φ}
..........
χ

.

Proof.
By induction on the structure of κ{ }. In the base case, where
κ{ } ≡ { }, the proposition is true: take ψ ≡ prφ and χ ≡ cnφ and
K{ } ≡ { }. The inductive cases are as follows:
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Sections in SKS (cont.)

I if κ{ } ≡ κ′{A} ∨ κ′′{ } for some formula A, apply the induction
hypothesis and

from κ′{A} ≡
ψ′
..........
K′{A}
..........
χ′

and κ′′{φ} ≡
ψ′′

............
K′′{φ}
............
χ′′

obtain κ{φ} ≡
ψ′ ∨ ψ′′

...........................
K′{A} ∨ K′{φ}
...........................

χ′ ∨ χ′′
;

the case of composition by the connective ∧ is analogous;
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Sections in SKS (cont.)

I if κ{ } ≡
ψ′

κ′{ }
apply the induction hypothesis and

from κ′{φ} ≡
ψ′′
..........
K{φ}
..........
χ′

obtain κ{φ} ≡

ψ′

ψ′′
..........
K{φ}
..........
χ′

;

proceed analogously when κ{ } ≡
κ′{ }
χ′

.
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Sections (for all of open deduction)

Thanks to Proposition 5, we can adopt the following natural concept:

Definition 6
Given a prederivation φ, we say that a formula A is a section of φ if there
are prederivations ψ and χ such that

φ ≡
ψ
....
A
....
χ

.
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Deductive systems in open deduction

Definition 7
A deductive system S is

I a collection of inference rules whose instances are decidable in
polynomial time, one of which is

I the rule
A

=
B

, corresponding to an equivalence relation = on

formulae that contains the identity relation ≡ and is closed under
context, i.e., if C = D then K{C} = K{D}, for every formulae C
and D and formula context K{ }.
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Deductive systems in open deduction (cont.)
A derivation in S , or S derivation, is a prederivation where every

occurrence of
φ

ψ
is such that

cnφ

prψ
is an instance of an inference rule ρ

of S ; we call such rule instance and the place in the derivation where it
occurs an inference step (in S); we often label compositions by

inference with the label of the corresponding inference rule, as in
φ

ρ
ψ

. If
S = {ρ1, . . . , ρn,=} then a derivation φ such that

φ ≡
φ′
....
ψ
....
φ′′

,

for some derivations φ′, φ′′ and some S derivation ψ, can be denoted by

φ′

ψ S
φ′′

or
φ′

ψ {ρ1,...,ρn}
φ′′

;
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Deductive systems in open deduction (cont.)
in particular, an S derivation φ such that prφ ≡ A and cnφ ≡ B is said
to be a derivation from A to B in S and can be denoted by

A
φ S
B

or
A

φ {ρ1,...,ρn}
B

;

sometimes we omit the name of a derivation or of its deductive system.

Note: A deductive system is (trivially) a proof system.
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Collapsing = inference steps

Definition 8

In a derivation φ ≡ κ
{
ψ

χ

}
, for some derivation context κ{ } and

derivations ψ and χ, we say that each inference step in ψ is above each
inference step in χ and each inference step in χ is below each inference
step in ψ. In a given derivation, we say that an inference step x is directly
above an inference step y if x is above y and there is no inference step z
such that x is above z and z is above y; in that case we say that y is
directly below x.

Since = is closed under context:

Proposition 9
Every derivation from A to B can be reduced in linear time to a derivation
from A to B in the same deductive system where no = inference step is
directly above another = inference step.
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Sequential form
Definition 10
We say that a derivation from A1 to An+1 is sequential, or in sequential
form, if it has the following shape, where n ≥ 0 and Ai, Bi, Ci are
formulae, Ki{ } are formula contexts and ρi are inference rules different
from =, for 0 ≤ i ≤ n. A1

=

K1

{
B1

ρ1
C1

}

=
A2
...

An
=

Kn

{
Bn

ρn
Cn

}

=
An+1

The = steps are often omitted.
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From open deduction to the calculus of
structures

Proposition 11
For every deductive system S , every S derivation φ from A to B can be
reduced to a sequential S derivation from A to B in quadratic time on the
size of φ.

Proof.
Apply Proposition 5 for as many inference steps as there are in φ,
introduce = inference steps and collapse multiple contiguous =
inference steps into one, following Proposition 9.

This means that working in the calculus of structures (CoS) or in open
deduction does not make a difference from the point of view of
complexity.

(While CoS is convenient for inductive arguments, open deduction is
more natural, especially towards solving the proof identity problem.)
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Open deduction system SKS

I Atomic/structural rules:

(which are foundational models of concurrent computation) to linear logic, I
realised that Gentzen’s formalisms were inherently inadequate to express the
most primitive notion of composition in computer science: sequential composi-
tion. This is indeed linear, but of a di↵erent kind of linearity from that naturally
supported by linear logic.

I realised then that the linear logic ideas were to be carried all the way
through and that the formalisms themselves had to be ‘linearised’. Technically,
this turned out to be possible by dropping one of the assumptions that Gentzen
implicitly used, namely that the (geometric) shape of proofs is directly related
to the shape of formulae that they prove. In deep inference, we do not make this
assumption, and we get proofs whose shape is much more liberally determined
than in Gentzen’s formalisms. As an immediate consequence, we were able to
capture process-algebras sequential composition [6], but we soon realised that
the new formalism was o↵ering unprecedented opportunities for both a more
satisfying general theory of proofs and for more applications in computer science.

2 Proof System(s)

The di↵erence between Gentzen formalisms and deep inference ones is that in
deep inference we compose proofs by the same connectives of formulae: if

� =
A����

B
and  =

C����

D

are two proofs with, respectively, premisses A and C and conclusions B and D,
then

� ^  =
A ^ C����

B ^ D
and � _  =

A _ C����

B _ D

are valid proofs with, respectively, premisses A ^ C and A _ C, and conclusions
B ^ D and B _ D. Significantly, while � ^  can be represented in Gentzen, � _  
cannot. That is basically the definition of deep inference and it holds for every
language, not just propositional classical logic.

As an example, I will show the standard deep inference system for proposi-
tional logic. System SKS is a proof system defined by the following structural
inference rules (where a and ā are dual atoms)

t
i# �����

a _ ā

f
w# ��

a

a _ a
c# �����

a

identity weakening contraction

a ^ ā
i" �����

f

a
w" ��

t

a
c" �����

a ^ a

cut coweakening cocontraction

,

I Linear/logical rules:

and by the following two logical inference rules:

A ^ [B _ C]
s �������������
(A ^ B) _ C

(A ^ B) _ (C ^ D)
m ���������������������

[A _ C] ^ [B _ D]

switch medial

.

A cut-free derivation is a derivation where i" is not used, i.e., a derivation in
SKS \ {i"}. In addition to these rules, there is a rule

C
= ��

D
,

such that C and D are opposite sides in one of the following equations:

A _ B = B _ A A _ f = A

A ^ B = B ^ A A ^ t = A

[A _ B] _ C = A _ [B _ C] t _ t = t

(A ^ B) ^ C = A ^ (B ^ C) f ^ f = f

.

We do not always show the instances of rule =, and when we do show them, we
gather several contiguous instances into one.

For example, this is a valid derivation:

[a _ b] ^ a����

([a _ b] ^ a) ^ ([a _ b] ^ a)
=

a
c" �����

a ^ a
_

b
c" �����

b ^ b
m ����������������������

[a _ b] ^ [a _ b]

^
a

c" �����
a ^ a

.

This derivation illustrates a general principle in deep inference: structural rules
on generic formulae (in this case a cocontraction) can be replaced by correspond-
ing structural rules on atoms (in this case c").

3 Proof-Theoretical Properties

Locality and linearity are foundational concepts for deep inference, in the same
spirit as they are for linear logic. Going for locality and linearity basically means
going for complexity bounded by a constant. This last idea introduces geometry
into the picture, because bounded complexity leads us to equivalence modulo
continuous deformation. In a few words, the simple and natural definition of
deep inference that we have seen above captures these ideas about linearity,
locality and geometry, and can consequently be exploited in many ways, and
notably:

– to recover a De Morgan premiss-conclusion symmetry that is lost in Gentzen
[3];

I Plus an ‘=’ linear rule (associativity, commutativity, units).

I Negation on atoms only.

The cut is atomic.

SKS is complete for propositional logic. See [7].
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This derivation illustrates a general principle in deep inference: structural rules
on generic formulae (in this case a cocontraction) can be replaced by correspond-
ing structural rules on atoms (in this case c").

3 Proof-Theoretical Properties

Locality and linearity are foundational concepts for deep inference, in the same
spirit as they are for linear logic. Going for locality and linearity basically means
going for complexity bounded by a constant. This last idea introduces geometry
into the picture, because bounded complexity leads us to equivalence modulo
continuous deformation. In a few words, the simple and natural definition of
deep inference that we have seen above captures these ideas about linearity,
locality and geometry, and can consequently be exploited in many ways, and
notably:

– to recover a De Morgan premiss-conclusion symmetry that is lost in Gentzen
[3];

I Plus an ‘=’ linear rule (associativity, commutativity, units).

I Negation on atoms only.

The cut is atomic.

SKS is complete for propositional logic. See [7].
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f
w# ��

a

a _ a
c# �����

a

identity weakening contraction

a ^ ā
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on generic formulae (in this case a cocontraction) can be replaced by correspond-
ing structural rules on atoms (in this case c").
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Locality and linearity are foundational concepts for deep inference, in the same
spirit as they are for linear logic. Going for locality and linearity basically means
going for complexity bounded by a constant. This last idea introduces geometry
into the picture, because bounded complexity leads us to equivalence modulo
continuous deformation. In a few words, the simple and natural definition of
deep inference that we have seen above captures these ideas about linearity,
locality and geometry, and can consequently be exploited in many ways, and
notably:

– to recover a De Morgan premiss-conclusion symmetry that is lost in Gentzen
[3];

I Plus an ‘=’ linear rule (associativity, commutativity, units).

I Negation on atoms only.

The cut is atomic.

SKS is complete for propositional logic. See [7].
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and by the following two logical inference rules:
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(A ^ B) _ C

(A ^ B) _ (C ^ D)
m ���������������������
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A cut-free derivation is a derivation where i" is not used, i.e., a derivation in
SKS \ {i"}. In addition to these rules, there is a rule
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D
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such that C and D are opposite sides in one of the following equations:

A _ B = B _ A A _ f = A

A ^ B = B ^ A A ^ t = A

[A _ B] _ C = A _ [B _ C] t _ t = t

(A ^ B) ^ C = A ^ (B ^ C) f ^ f = f

.

We do not always show the instances of rule =, and when we do show them, we
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This derivation illustrates a general principle in deep inference: structural rules
on generic formulae (in this case a cocontraction) can be replaced by correspond-
ing structural rules on atoms (in this case c").

3 Proof-Theoretical Properties

Locality and linearity are foundational concepts for deep inference, in the same
spirit as they are for linear logic. Going for locality and linearity basically means
going for complexity bounded by a constant. This last idea introduces geometry
into the picture, because bounded complexity leads us to equivalence modulo
continuous deformation. In a few words, the simple and natural definition of
deep inference that we have seen above captures these ideas about linearity,
locality and geometry, and can consequently be exploited in many ways, and
notably:

– to recover a De Morgan premiss-conclusion symmetry that is lost in Gentzen
[3];

I Plus an ‘=’ linear rule (associativity, commutativity, units).

I Negation on atoms only.

The cut is atomic.

SKS is complete for propositional logic. See [7].
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Propositional logic example

How can we reduce cocontraction ( = dagness) to atomic form?

and by the following two logical inference rules:

A ^ [B _ C]
s �������������
(A ^ B) _ C

(A ^ B) _ (C ^ D)
m ���������������������

[A _ C] ^ [B _ D]

switch medial

.

A cut-free derivation is a derivation where i" is not used, i.e., a derivation in
SKS \ {i"}. In addition to these rules, there is a rule

C
= ��

D
,

such that C and D are opposite sides in one of the following equations:

A _ B = B _ A A _ f = A

A ^ B = B ^ A A ^ t = A

[A _ B] _ C = A _ [B _ C] t _ t = t

(A ^ B) ^ C = A ^ (B ^ C) f ^ f = f

.

We do not always show the instances of rule =, and when we do show them, we
gather several contiguous instances into one.

For example, this is a valid derivation:

[a _ b] ^ a����

([a _ b] ^ a) ^ ([a _ b] ^ a)
=

a
c" �����

a ^ a
_

b
c" �����

b ^ b
m ����������������������

[a _ b] ^ [a _ b]

^
a

c" �����
a ^ a

.

This derivation illustrates a general principle in deep inference: structural rules
on generic formulae (in this case a cocontraction) can be replaced by correspond-
ing structural rules on atoms (in this case c").

3 Proof-Theoretical Properties

Locality and linearity are foundational concepts for deep inference, in the same
spirit as they are for linear logic. Going for locality and linearity basically means
going for complexity bounded by a constant. This last idea introduces geometry
into the picture, because bounded complexity leads us to equivalence modulo
continuous deformation. In a few words, the simple and natural definition of
deep inference that we have seen above captures these ideas about linearity,
locality and geometry, and can consequently be exploited in many ways, and
notably:

– to recover a De Morgan premiss-conclusion symmetry that is lost in Gentzen
[3];

Structural rules on generic formulae can be replaced by structural rules
on atoms.

As an exercise, try to do the same for a cut rule on formulae, i.e., show
the admissibility of the generic cut rule via its atomic version.
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Predicate logic example

Drinker’s formula:

TEST

ALESSIO GUGLIELMI

t
i# �����������������������������������������������������������������������������������

9x8y

2

4 f
w# ������

p(x)
_ p

�
y
�
3

5 _ 9x8y

2

4p (x) _
f

w# �������
p
�
y
�

3

5

c# �����������������������������������������������������������������������������������
9x8y

h
p (x) _ p

�
y
�i

Date: July 20, 2014.
1

This is more natural than in Gentzen because weakening can be applied
directly inside the quantifiers.
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Properties of open deduction and deep
inference

Much of what we quickly recall here has been covered by Bruscoli in her
course ‘Introduction to Deep Inference’ at ESSLLI 2015.
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Analyticity costs much less (1)

Statman tautologies:

4 Pragmatic Properties

I will concentrate here on a crucial aspect of proofs, namely their size. This is
interesting in proof complexity, because proof size is intimately connected to
the problem of NP vs coNP. It is also interesting for the automated deduction
community, because the size of proofs a↵ects the size of the proof search space,
and so it has a direct e↵ect on the time it takes to find proofs.

Quantification in deep inference is not di↵erent from quantification in the
Gentzen theory, or, at least, nothing significantly di↵erent has been discovered so
far. Therefore we can limit the discussion to the propositional case. The situation
can be described in a few words: in [7] we proved that deep inference has an
exponential speed-up over Gentzen on analytic proof systems. In particular, one
can consider Statman tautologies [23], which only have exponential-size proofs
in the cut-free sequent calculus, and show that they have polynomial proofs in
cut-free deep inference.

Obviously, at first sight it might seem that the subformula property does not
hold in deep inference, and so that the notion of cut free-ness is weaker than in
Gentzen. However, the issue is subtle and it turns out that the di↵erences with
Gentzen are surprisingly small. As Anupam Das proved in [9], only a very limited
amount of deep inference is su�cient to completely capture the exponential
speed-up. More precisely, any cut-free deep-inference system that can access at
most depth 2 in formulae can polynomially simulate proof systems of unbounded
depth, such as the system presented in this tutorial. In other words, the same
depth visibility of hypersequents is su�cient to obtain small proofs. This means
that for the same impact that hypersequents have on the branching factor in
the proof search space, we can obtain much smaller proofs than in Gentzen
systems, thanks to the better proof representation in deep inference. I will show
an example here, by reasoning on the first three Statman tautologies (see [7, 23]
for formal definitions):

S1 = (a ^ b) _ ā _ b̄ ,

S2 = (c ^ d) _
�⇥

c̄ _ d̄
⇤
^ a ^

⇥
c̄ _ d̄

⇤
^ b

�
_ ā _ b̄ ,

S3 = (e ^ f) _
�⇥

ē _ f̄
⇤
^ c ^

⇥
ē _ f̄

⇤
^ d

�
_�⇥

ē _ f̄
⇤
^
⇥
c̄ _ d̄

⇤
^ a ^

⇥
ē _ f̄

⇤
^
⇥
c̄ _ d̄

⇤
^ b

�
_ ā _ b̄ .

It is well known, and the reader will have no di�culty in seeing it, that the
size of cut-free sequent proofs of Sn grows exponentially with n. The structural
reason is that the external connectives in formulae force repeated duplication
of the context. Let us see what happens if we could just access connectives
immediately below the external ones.

and so on…

In the cut-free sequent calculus proofs grow exponentially.
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Analyticity costs much less (2)

Open deduction proof of S1:For S1 we have a trivial cut-free proof in SKS:

t�������i#,s

(a ^ b) _ ā _ b̄

=

t
i# �����

a _ ā
^

t
i# �����

b _ b̄
s ���������������������

[a _ ā] ^ b
s �����������
(a ^ b) _ ā

_ b̄

.

For S2 we can obtain:

t�������i#,s

t����i#,s

(c ^ d) _ c̄ _ d̄
^ a ^

t����i#,s

(c ^ d) _ c̄ _ d̄
^ b

�������s

(c ^ d) _ (c ^ d)����c#,m

c ^ d

_
�⇥

c̄ _ d̄
⇤
^ a ^

⇥
c̄ _ d̄

⇤
^ b

�

_ ā _ b̄

Here we see how the external atoms c and d are ‘brought inside’ the tautology
and two proofs similar to those for S1 are performed inside a conjunction inside
the external disjunction.

Finally, in Figure 1 we can see a proof of S3, where the above principle
is repeated and clearly gives rise to a sequence of proofs for Sn that grows
polynomially over n instead of exponentially.

5 Trends and Open Problems

The future of deep inference tends towards proof complexity, combinatorics and
the study of proofs via algebraic topology. One of the most important open
problems that deep inference intends to solve is that of the identity of proofs
(sometimes called Hilbert’s 24th problem [26]); this is related to the equally
open problem of the identity of algorithms [1].

References

1. Andreas Blass, Nachum Dershowitz, and Yuri Gurevich. When are two algorithms
the same? Technical Report MSR-TR-2008-20, Microsoft Research, 2008.
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Analyticity costs much less (4)
Open deduction proof of S3:

t����������i#,s

t�����i#,s

(c ^ d) _ c̄ _ d̄

^ a ^
t�����i#,s
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0
B@
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(e ^ f) _ ē _ f̄

^
⇥
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⇤
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(e ^ f) _ ē _ f̄
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^ b

1
CA
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In open deduction analytic Statman proofs grow polynomially.
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ē _ f̄
⇤
^
⇥
c̄ _ d̄

⇤
^ a ^

⇥
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Open deduction and proof complexity (size)

ON THE PROOF COMPLEXITY OF DEEP INFERENCE

PAOLA BRUSCOLI AND ALESSIO GUGLIELMI

ABSTRACT. We obtain two results about the proof complexity of deep inference: 1)
deep-inference proof systems are as powerful as Frege ones, even when both are extended
with the Tseitin extension rule or with the substitution rule; 2) there are analytic deep-
inference proof systems that exhibit an exponential speedup over analytic Gentzen proof
systems that they polynomially simulate.

1. INTRODUCTION

Deep inference is a relatively new methodology in proof theory, consisting in dealing
with proof systems whose inference rules are applicable at any depth inside formulae
[Gug07b]. We obtain two results about the proof complexity of deep inference:
• deep-inference proof systems are as powerful as Frege ones, even when both are

extended with the Tseitin extension rule or with the substitution rule;
• there are analytic deep-inference proof systems that exhibit an exponential speed-

up over analytic Gentzen proof systems that they polynomially simulate.
These results are established for the calculus of structures, or CoS, the simplest formal-
ism in deep inference [Gug07b], and in particular for its proof system SKS, introduced
by Brünnler in [Brü04] and then extensively studied [Brü03a, Brü03b, Brü06a, Brü06d,
BG04, BT01].

Our contributions fit in the following picture.

op. ded. +
extension

op. ded. +
substitution

Frege +
extension

Frege +
substitution

!

4

3

Krajíček-Pudlák ’89

!5

Cook-Reckhow ’79

Frege

op. ded.

Gentzen

open

2

Cook-
Reckhow ’74

cut-free
op. ded.

cut-free
Gentzen

Brünnler
’041!

Statman ’78!

open

The notation " # indicates that formalism " polynomially simulates formalism
# ; the notation" #! indicates that it is known that this does not happen.

The left side of the picture represents, in part, the following. Analytic Gentzen sys-
tems, i.e., Gentzen proof systems without the cut rule, can only prove certain formulae,
which we call ‘Statman tautologies’, with proofs that grow exponentially in the size of
the formulae. On the contrary, Gentzen systems with the cut rule can prove Statman
tautologies by polynomially growing proofs. So, Gentzen systems p-simulate analytic

Date: March 15, 2010.
This research was partially supported by EPSRC grant EP/E042805/1 Complexity and Non-determinism in

Deep Inference.
c$ ACM, 2009. This is the authors’ version of the work. It is posted here by permission of ACM for your

personal use. Not for redistribution. The definitive version was published in ACM Transactions on Computa-
tional Logic 10 (2:14) 2009, pp. 1–34, http://doi.acm.org/10.1145/1462179.1462186.

1

−→ = ‘polynomially simulates’.

Open deduction:

I in the cut-free case, thanks to deep inference, has an exponential
speed-up over the cut-free sequent calculus (e.g., over Statman
tautologies)—1, see [9];

I has as small proofs as the best formalisms—2, 3, 4, 5, see [9];

I thanks to dagness, has quasipolynomial cut elimination (instead of
exponential) [10, 27] – see Lecture 4.

I Cut free deep inference outperforms the cut free sequent calculus.
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• there are analytic deep-inference proof systems that exhibit an exponential speed-

up over analytic Gentzen proof systems that they polynomially simulate.
These results are established for the calculus of structures, or CoS, the simplest formal-
ism in deep inference [Gug07b], and in particular for its proof system SKS, introduced
by Brünnler in [Brü04] and then extensively studied [Brü03a, Brü03b, Brü06a, Brü06d,
BG04, BT01].
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The notation " # indicates that formalism " polynomially simulates formalism
# ; the notation" #! indicates that it is known that this does not happen.
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tems, i.e., Gentzen proof systems without the cut rule, can only prove certain formulae,
which we call ‘Statman tautologies’, with proofs that grow exponentially in the size of
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−→ = ‘polynomially simulates’.

Open deduction:

I in the cut-free case, thanks to deep inference, has an exponential
speed-up over the cut-free sequent calculus (e.g., over Statman
tautologies)—1, see [9];

I has as small proofs as the best formalisms—2, 3, 4, 5, see [9];

I thanks to dagness, has quasipolynomial cut elimination (instead of
exponential) [10, 27] – see Lecture 4.

I Cut free deep inference outperforms the cut free sequent calculus.
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Open deduction and proof search complexity

Unconstrained bottom-up formula-driven proof search has horrendous
complexity due to deep inference, because every connective can make
the search tree branch.

However:

I Das proved that in the presence of distributivity, a depth 2 proof
system polynomially simulates any unbounded depth proof system
[13]. This means that a very moderate increase of nondeterminism
buys exponentially smaller proofs.

I Focusing techniques should be facilitated by the more liberal proof
composition.

I In particular it should be possible to confine the search inside small
sub-spaces of canonical proofs.

The sequent calculus was designed to make proof search finite, not
necessarily to make it efficient.
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Why deep inference?
Adopting the ‘trivial’ liberalisation of composition has notable
consequences:

I We recover a De Morgan premiss-conclusion symmetry that is lost
in Gentzen [4].

I We obtain new notions of normalisation in addition to cut
elimination [23, 21].

I We shorten analytic proofs by exponential factors compared to
Gentzen [9, 13].

I We obtain quasipolynomial time normalisation for propositional
logic [10].

I We express logics that cannot be expressed in Gentzen [39, 6].

I We make the proof theory of a vast range of logics regular and
modular [6].

I We get proof systems whose inference rules are local, which is
usually impossible in Gentzen [33].
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Why deep inference? (cont.)
I We inspire a new generation of proof nets and semantics of proofs

[35].

I We investigate the nature of cut elimination [21, 24].

I We type optimal versions of the λ-calculus that are not typable in
Gentzen [25, 26].

I We model process algebras [8, 28, 31, 32].

I We model quantum causal evolution [3] …

I … and much more.

Several formalisms can be designed in deep inference: Calculus of
Structures (CoS), Nested Sequents, Open Deduction, Formalism B, …

CoS and open deduction are equivalent under any reasonable point of
view, so we adopt open deduction. (CoS is convenient for certain
technical aspects.)

Nested sequents is not full deep inference.

Formalism B is still in development.
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Locality and splitting

We quickly recall here the splitting technique, covered by Bruscoli in her
course ‘Introduction to Deep Inference’ at ESSLLI 2015.
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Locality
Deep inference allows for locality,

i.e.,

inference steps can be checked in constant time
(so, they are small).

E.g., atomic cocontraction:

QUASIPOLYNOMIAL NORMALISATION IN DEEP INFERENCE 9
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FIGURE 2. Examples of derivations in CoS and Formalism A notation,
and associated atomic flows.

the right flow cannot:

!
,

! !!
and .

The flow at the right cannot represent flow (2) because it has the wrong number of lower
edges and because a necessary cut vertex is not allowed by the labelling of the boxes. As
just shown, we sometimes label boxes with the name of the flow they represent. For
example, flow ! above could represent flow (2), and, if the centre flow stands for (2),
then flows " and "% are, respectively,

and .

When no vertex labels appear on a box, we assume that the vertices in the corresponding
flow can be any (so, it does not mean that there are no vertices in the flow).

(Thanks to locality Gundersen, Heijltjes and Parigot obtained a typed
λ-calculus that achieves fully lazy sharing [25].)

In Gentzen:

I no locality for (co)contraction (counterexample in [4]),

I no local reduction of cut into atomic form.

This is because at the time of Gentzen complexity and semantics were not
a concern: Gentzen only wanted a well-order.
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ā " ā
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,
-------.

=

a #
a # ā
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=
[a " t] # [ā " t]
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=
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=
a # ā
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(a # [[ā " ā] " a]) # ā
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s
a # ā
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,
-------.

=

a #
a # ā
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Normalisation Phase 1: Reduction of cut to
atomic form

Apply repeatedly—and locally:

[A ∨ B] ∧ Ā ∧ B̄
i↑

f
=

[A ∨ B] ∧ B̄
s
A ∨ (B ∧ B̄)

∧ Ā

s

A ∧ Ā
i↑

f
∨

B ∧ B̄
i↑

f

Eventually all cuts are reduced to atomic form. This is were most of the
effort goes in Gentzen (requiring at least exponential time).

Proof complexity does not increase (significantly) in deep inference!

Lecture 1: Open deduction and the ‘experiments’ method Locality and splitting 54 / 231



Normalisation Phase 1: Reduction of cut to
atomic form

Apply repeatedly—and locally:

[A ∨ B] ∧ Ā ∧ B̄
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Normalisation Phase 2: Splitting

Theorem 12 (Splitting)
For every proof

t

K{A ∧ B}
there are proofs

KA ∨ KB ∨ { }

K{ }

t

KA ∨ A

t

KB ∨ B

A similar theorem holds for every logic expressed in deep inference so
far (including logics that for the theory of Gentzen are hopeless). Why?

We will see an example in Lecture 3, for a logic that Gentzen provably
cannot express.
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Splitting for an atomic cut

Therefore for every cut-free proof
t

K{a ∧ ā}
there are cut-free proofs

K′{ā} ∨ K′′{a} ∨ { }

K{ }

t

K′{ā} ∨ a

t

K′′{a} ∨ ā

and so we can build
t

i↓
a

K′{ā}
∨

ā

K′′{a}

K{f}
and a cut at the bottom would be admissible. We just proved cut
elimination and obtained analiticity. Easy!
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K′{ā} ∨ K′′{a} ∨ { }

K{ }

t
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ā

K′′{a}

K{f}

and a cut at the bottom would be admissible. We just proved cut
elimination and obtained analiticity. Easy!

Lecture 1: Open deduction and the ‘experiments’ method Locality and splitting 56 / 231



Splitting for an atomic cut

Therefore for every cut-free proof
t

K{a ∧ ā}
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Atomic flows (informally)

For the time being we will be very informal on atomic flows. The next
lecture will be more formal. Idea: Let’s drop logic and concentrate on
shape and composition. As we will see it works.
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Atomic flows: locality brings geometry

QUASIPOLYNOMIAL NORMALISATION IN DEEP INFERENCE 9

t
ai!

a " ā
=
(a # t) " (t # ā)

m
[a " t] # [t " ā]

=
[a " t] # [ā " t]

s
([a " t] # ā) " t

=
(ā # [a " t]) " t

s
[(ā # a) " t] " t

=
(a # ā) " t

ai$
f " t

=
t

(a # [ā " t]) # ā
ai!
(a # [ā " [ā " a]]) # ā

=
(a # [[ā " ā] " a]) # ā

s
[(a # [ā " ā]) " a] # ā

ac!
[(a # ā) " a] # ā

ai$
[f " a] # ā

=
a # ā

ac$
(a # a) # ā

=
a # (a # ā)

ai$
a # f

[a " b] # a
ac$
[(a # a) " b] # a

ac$
[(a # a) " (b # b )] # a

ac$
[(a # a) " (b # b )] # (a # a)

m
([a " b] # [a " b]) # (a # a)

=
([a " b] # a) # ([a " b] # a)

t

a " ā
m
[a " t] # [t " ā]

s!
""#
[a " t] # ā

s
a # ā

f
" t

" t

$
%%&

'
((((((()

a #
*

ā "
t

ā " a

+

s

a #
ā " ā

ā
f

"
a

a # a

# ā

,
-------.

=

a #
a # ā

f

a
a # a

"
b

b # b
m
[a " b] # [a " b]

#
a

a # a

FIGURE 2. Examples of derivations in CoS and Formalism A notation,
and associated atomic flows.

the right flow cannot:

!
,

! !!
and .

The flow at the right cannot represent flow (2) because it has the wrong number of lower
edges and because a necessary cut vertex is not allowed by the labelling of the boxes. As
just shown, we sometimes label boxes with the name of the flow they represent. For
example, flow ! above could represent flow (2), and, if the centre flow stands for (2),
then flows " and "% are, respectively,

and .

When no vertex labels appear on a box, we assume that the vertices in the corresponding
flow can be any (so, it does not mean that there are no vertices in the flow).

Below the proofs, their (atomic) flows [21] are shown:

I only structural information is retained in flows;
I logical information is lost;
I flow size is polynomially related to derivation size;
I composition of proofs naturally corresponds to composition of

flows.
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ac$
(a # a) # ā
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s
a # ā
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,
-------.

=

a #
a # ā
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s
[(a # [ā " ā]) " a] # ā
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m
[a " t] # [t " ā]
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ā
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The flow at the right cannot represent flow (2) because it has the wrong number of lower
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ā "
t
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Cut elimination
by ‘experiments’
(for logics with
contraction)

Experiment
over a proof:

TEST

ALESSIO GUGLIELMI

ā

a

a

 
!

 f !
a ^ ā
"

t ^ f

ā _ a
#

f _ a

Date: September 24, 2013.
1

We do:

TEST

ALESSIO GUGLIELMI

ā

a

a

 
!

 f !
a ^ ā
"

t ^ f

ā _ a
#

f _ a

↵

B

proof with n cuts

�!
A1

↵1

B

· · ·
A2n

↵2n

B

B

cut-free proof

 many identities

 all assignments

 W
‘experiments’

 many contractions

Date: September 24, 2013.
1

I Simple, exponential cut elimination;
I 2n experiments, where n is the number of atoms;
I fairly syntax independent method.

The secret of success is in the proof composition mechanism.

Why is this impossible in the sequent calculus?
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ā

a

a

 
!

 f !
a ^ ā
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ā

a

a

 
!

 f !
a ^ ā
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Another view at experiments

The following four figures are taken from [30].

The idea:

C
a ^ ā

i" 
f

A

%+

&�

C

a

t
^ f

=
f

A

C
f ^

ā

t
=

f

A

induces �

A

%+

&�

a
�+

A

ā
��

A

&

%

t
  i#

a
�+

A

_
ā

��

A
c#

A
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Another view at experiments (cont.)

More in general:

�

A

%

. . .

&

a1 ^ . . . ^ an

�1

A
...

ā1 ^ . . . ^ ān

�2n

A

&

. . .

%

{s,i#,ac#}

a1 ^ . . . ^ an

�1

A
_ . . . _

ā1 ^ . . . ^ ān

�2n

A

{ac#,m}

A
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Example of experiment

Consider this proof and its atomic flow:

t

ā _ a
_

f

a

ā _
a _ a

a

^

t

ā

ā ^
ā
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Example of experiment (cont.)PHD CONFIRMATION REPORT 5
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The above procedure is only sufficient for when there are cuts in one connected
component of the proof. Thus, if there are n > 1 connected components con-
taining cuts, we create a “truth table” of derivations from the original proof, by
repeating the one cut procedure for each connected component. This creates 2n

“experiments”, which, when disjunctively composed, have a tautology on top and
copies of the conclusion at the bottom. Again, we can easily recover a proof, with
a “cap” proving the tautology at the top, and contractions at the bottom.

�
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&
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A
...

ā1 ^ . . . ^ ān

�2n
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&
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A
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�2n

A

{,m}

A

Not only is this a simple procedure, but it is confluent, modulo equivalences such
as associativity and commutativity of conjunction anddisjunction—all critical pairs
end up converging since we can disjunctively compose proofs.

Extending to predicate logic. With the approach and techniques of the previous
section in mind, one natural progression is from propositional to first-order pred-
icate logic. As noted before, the deep-inference proof theory of predicate logic is
one of the less studied areas in the field and, in particular, there is little or no ex-
ploration (tomy knowledge) since the shift of focus from the calculus of structures
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Lecture 2: Atomic flows and streamlining

The three already mentioned references on atomic flows are a good
source for this lecture:

I Tom Gundersen. A General View of Normalisation Through Atomic
Flows. [24]

I AG, Tom Gundersen and Lutz Straßburger. Breaking Paths in Atomic
Flows for Classical Logic. [23]

I AG and Tom Gundersen. Normalisation Control in Deep Inference
Via Atomic Flows. [21]
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Definition of atomic flow

The following slides contain formal statements from [21]. All they say is:

I An (atomic) flow is the free composition of six directed graphs
called elementary (atomic) flows, or labels, such that there is a
polarity assignment that switches polarities at (co)interactions (i.e.
identities and cuts).

I To every SKS derivation a unique atomic flow can be associated in
the natural way.NORMALISATION CONTROL IN DEEP INFERENCE VIA ATOMIC FLOWS 7

Definition 3.1. We call the following six diagrams (atomic-flow) labels:

ai↓ or interaction aw↓ or weakening ac↓ or contraction

ai↑ or cointeraction aw↑ or coweakening ac↑ or cocontraction

.

Cointeraction is also called cut.

Definition 3.2. An (atomic) flow is a tuple (V,E, η, up, lo) such that:

(1) V is a finite set of vertices, denoted by ν;
(2) E is a finite set of edges, denoted by ϵ;
(3) η : V → {ai↓, ai↑, aw↓, aw↑, ac↓, ac↑} maps vertices to their labels;
(4) up : E → V ∪ {⊤} and lo : E → V ∪ {⊥} are, respectively, the upper and lower

maps, and ⊤ and ⊥ are special vertices not belonging to V ; we define, for every
ν ∈ V ∪ {⊤,⊥}, the set Lν = { ϵ | up(ϵ) = ν } of lower edges of ν, the set Uν = { ϵ |
lo(ϵ) = ν } of upper edges of ν, and the set Eν = Lν ∪ Uν of edges of ν;

(5) if |S| denotes the cardinality of set S, we have that

if η(ν) = ai↓ then |Lν | = 2 and |Uν | = 0,

if η(ν) = ai↑ then |Lν | = 0 and |Uν | = 2,

if η(ν) = aw↓ then |Lν | = 1 and |Uν | = 0,

if η(ν) = aw↑ then |Lν | = 0 and |Uν | = 1,

if η(ν) = ac↓ then |Lν | = 1 and |Uν | = 2,

if η(ν) = ac↑ then |Lν | = 2 and |Uν | = 1;

(6) there is no sequence ϵ1, . . . , ϵh of edges of V such that up(ϵi) = lo(ϵi+1 (mod h)), for
1 ≤ i ≤ h;

(7) there is a polarity assignment π : E → {−, +} such that, for every ν ∈ V ,
(a) if η(ν) ∈ {ac↓, ac↑} then π(Eν) = {−} or π(Eν) = {+};
(b) if η(ν) ∈ {ai↓, ai↑} then π(Eν) = {−, +}.

Besides ϵ, we use small numerals 1, 2, . . . and colours to denote edges. Atomic flows are
denoted with A, B, C and D. Given an atomic flow A, we say that the sets L⊤ = {ϵ1, . . . , ϵh}
and U⊥ = {ϵ′

1, . . . , ϵ
′
k} contain, respectively, the upper and lower edges of A; in such a case,

we can represent A as
ϵ1 · · · ϵh

A

ϵ′
1 · · · ϵ′

k

.

In general, we represent atomic flows as directed-graph diagrams, except that the special
vertices ⊤ and ⊥ are not shown, and the labels of the vertices are explicitly shown as
graphical elements. When we refer to the vertices of an atomic flow, we do not include ⊤
and ⊥. Sometimes we identify vertices with their labels.

An atomic flow is a directed graph, whose edges are associated to atom occurrences
in derivations, and the direction of the edges corresponds to the up-down direction in a

Lecture 2: Atomic flows and streamlining Definition of atomic flow 65 / 231



Definition of atomic flow (cont.)
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(7) there is a polarity assignment π : E → {−, +} such that, for every ν ∈ V ,
(a) if η(ν) ∈ {ac↓, ac↑} then π(Eν) = {−} or π(Eν) = {+};
(b) if η(ν) ∈ {ai↓, ai↑} then π(Eν) = {−, +}.

Besides ϵ, we use small numerals 1, 2, . . . and colours to denote edges. Atomic flows are
denoted with A, B, C and D. Given an atomic flow A, we say that the sets L⊤ = {ϵ1, . . . , ϵh}
and U⊥ = {ϵ′

1, . . . , ϵ
′
k} contain, respectively, the upper and lower edges of A; in such a case,

we can represent A as
ϵ1 · · · ϵh

A

ϵ′
1 · · · ϵ′

k

.

In general, we represent atomic flows as directed-graph diagrams, except that the special
vertices ⊤ and ⊥ are not shown, and the labels of the vertices are explicitly shown as
graphical elements. When we refer to the vertices of an atomic flow, we do not include ⊤
and ⊥. Sometimes we identify vertices with their labels.

An atomic flow is a directed graph, whose edges are associated to atom occurrences
in derivations, and the direction of the edges corresponds to the up-down direction in a
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Definition of atomic flow (cont.)

It follows that:

8 ALESSIO GUGLIELMI AND TOM GUNDERSEN

derivation. Vertices are associated to points in the derivation where atom occurrences are
created or destroyed, and the nature of each vertex is described by its label. Naturally, these
graphs are acyclic (condition 6). The two special vertices ⊤ and ⊥ represent the top and
bottom of a derivation: we can consider ⊤ the vertex that creates all the atom occurrences
in the premiss and ⊥ the vertex that destroys all atom occurrences in the conclusion.

The polarity assignment condition (7) ensures that atoms in(co)contractions have the
same polarity, and those in (co)interactions have dual polarities (as happens in derivations).
Every atomic flow has 2n polarity assignments, where n is the number of connected compo-
nents in the graph. We should not be worried about the apparent complexity of the polarity
assignment condition: in fact, we could equivalently consider two sorts of (co)contraction
and (co)weakening labels, the negative and the positive ones, and ask for vertices to be
joined by respecting their polarities. This is clearly a locally checkable property, much
simpler than, for example, some global correctness criterion for proof nets.

Example 3.3. Consider the atomic flow

A = ({ ν1 , ν2 , ν3 },
{ 1 , 2 , 3 , 4 , 5 },
{ ν1 #→ ai↑ , ν2 #→ ac↑ , ν3 #→ ai↑ },
{ 1 #→ ⊤ , 2 #→ ⊤ , 3 #→ ν2 , 4 #→ ν2 , 5 #→ ⊤ },
{ 1 #→ ν1 , 2 #→ ν2 , 3 #→ ν1 , 4 #→ ν3 , 5 #→ ν3 }) ;

the following are three of its possible representations:

4

21 5

3
,

1 +

3 4

2 − + 5
and

3 4

2 +1 − 5 −

;

in the last two diagrams, we also indicated each of the two possible polarity assignments.
This flow has one cocontraction and two cointeraction vertices; it has three upper edges, 1,
2 and 5, and no lower edges.

Example 3.4. The graph is not an atomic flow, for lack of a polarity assignment.

We now define the mapping from derivations to atomic flows. As we said, the idea is
that structural rules map to the respective atomic-flow vertices, and the edges trace the
atoms between inference steps. We first state a fact, whose proof is immediate.

Proposition 3.5. Given an SKS derivation Φ, there is a unique atomic flow A (modulo
isomorphisms) such that:

(1) there is a surjective map between the set of atom occurrences of Φ and the set of
edges of A;

(2) for each inference step
ξ{α}

ρ
ξ{β} of Φ, where ρ ∈ {ai↓, ai↑, aw↓, aw↑, ac↓, ac↑} and

α
ρ

β
is a rule instance, all atom occurrences in ξ{ } in the premiss are respectively

mapped to the same edges of A as the atom occurrences in ξ{ } in the conclusion;

the atom occurrences in
α

ρ
β

are mapped to edges of A such that the edges are related
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Definition of atomic flow (cont.)
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that structural rules map to the respective atomic-flow vertices, and the edges trace the
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the atom occurrences in
α

ρ
β

are mapped to edges of A such that the edges are related
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with vertices as indicated below, for each possible case of the inference step:

t
ai↓

a1 ∨ ā2
to

1 2
,

a1 ∧ ā2

ai↑
f

to
1 2

,

f
aw↓

a1
to

1
,

a1

aw↑
t

to
1

,

a1 ∨ a2

ac↓
a3

to
1 2

3
,

a1

ac↑
a2 ∧ a3

to
2 3

1
,

where the mapping is indicated by small numerals.
(3) for each inference step of Φ of kind

ξ{α ∧ [β ∨ γ]}
s
ξ{(α ∧ β) ∨ γ} ,

ξ{(α ∧ β) ∨ (γ ∧ δ)}
m

ξ{[α ∨ γ] ∧ [β ∨ δ]} ,

ξ{α ∨ β}
=

ξ{β ∨ α} ,
ξ{α ∧ β}

=
ξ{β ∧ α} ,

ξ{[α ∨ β] ∨ γ}
=

ξ{α ∨ [β ∨ γ]} ,
ξ{α ∨ [β ∨ γ]}

=
ξ{[α ∨ β] ∨ γ} ,

ξ{(α ∧ β) ∧ γ}
=

ξ{α ∧ (β ∧ γ)} ,
ξ{α ∧ (β ∧ γ)}

=
ξ{(α ∧ β) ∧ γ} ,

ξ{α ∨ f}
=

ξ{α} ,
ξ{α}

=
ξ{α ∨ f} ,

ξ{α ∧ t}
=

ξ{α} and
ξ{α}

=
ξ{α ∧ t}

all the atom occurrences in ξ{ }, α, β, γ and δ in the premiss are respectively
mapped to the same edges of A as the atom occurrences in ξ{ }, α, β, γ and δ in
the conclusion.

Definition 3.6. Given a derivation Φ, we say that the unique atomic flow A defined in
Proposition 3.5 is the atomic flow associated with the derivation Φ. Sometimes, when an
atom occurrence a in Φ maps to an edge ϵ in A, we decorate ϵ with the label a.

Example 3.7. Figure 1 has some examples of atomic flows associated with derivations.

Inference rules are usually called linear when they do not ‘create’ nor ‘destroy’ atoms.
Linear rules of SKS are switch, medial and (every equation defining) rule =. Note that
linear inference rules do not introduce any vertices in atomic flows.

We now show that there is no such thing as an ‘invalid atomic flow’, or, in other words,
the mapping from derivations to atomic flows is surjective.

Theorem 3.8. Every atomic flow is associated with some derivation.

Proof. First, we construct a derivation scheme Φ that ‘glues together’ any two atomic flows
without introducing any vertices. For every α, β, the atomic flow of the following derivation

Lecture 2: Atomic flows and streamlining Definition of atomic flow 68 / 231



Definition of atomic flow (cont.)
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where the mapping is indicated by small numerals.
(3) for each inference step of Φ of kind
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s
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=

ξ{α} ,
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=
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ξ{α ∧ t}
=

ξ{α} and
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all the atom occurrences in ξ{ }, α, β, γ and δ in the premiss are respectively
mapped to the same edges of A as the atom occurrences in ξ{ }, α, β, γ and δ in
the conclusion.

Definition 3.6. Given a derivation Φ, we say that the unique atomic flow A defined in
Proposition 3.5 is the atomic flow associated with the derivation Φ. Sometimes, when an
atom occurrence a in Φ maps to an edge ϵ in A, we decorate ϵ with the label a.

Example 3.7. Figure 1 has some examples of atomic flows associated with derivations.

Inference rules are usually called linear when they do not ‘create’ nor ‘destroy’ atoms.
Linear rules of SKS are switch, medial and (every equation defining) rule =. Note that
linear inference rules do not introduce any vertices in atomic flows.

We now show that there is no such thing as an ‘invalid atomic flow’, or, in other words,
the mapping from derivations to atomic flows is surjective.

Theorem 3.8. Every atomic flow is associated with some derivation.

Proof. First, we construct a derivation scheme Φ that ‘glues together’ any two atomic flows
without introducing any vertices. For every α, β, the atomic flow of the following derivation

Exercise: Prove that every atomic flow is associated with infinitely many
derivations (the proof is in [21] of course).

Note: this set-theoretic definition of atomic flows is clumsy but morally
good. One can have more elegant category-theoretic definitions, as in
[23], but there is a moral price to pay … (establishing the price is
another exercise).
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Local transformations of atomic flows

We can use atomic flows to design, control and measure normalisation
procedures.

Atomic flows change the way we look at proofs and their invariants.
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Flow reductions: (co)weakening (1)
NORMALISATION CONTROL IN DEEP INFERENCE VIA ATOMIC FLOWS 15

! !

! !

!

! !

! !

!

Figure 2: Atomic-flow reduction rules.

We would like to use the reductions in Figure 2 as rules for rewriting inside generic
atomic flows. To do so, in general, we should have matching upper and lower edges in
the flows that participate in the reduction, and the reductions in the figure clearly do so.
However, we also have to pay attention to polarities, not to disrupt atomic flows. In fact,
consider the following example.

Example 4.2. The ‘reduction’ on the left, when used inside a larger atomic flow, might
create a situation as on the right:

!
+

+ +

+

! + ?

+

,

where the graph at the right is not an atomic flow, for lack of a polarity assignment.

This prompts us to define reduction rules and reductions for atomic flows as follows.

Definition 4.3. An (atomic-flow) reduction rule r from flow A to flow B is a quadruple
(A,B, f, g) such that:

(1) f is a one-to-one map from the upper edges of A to the upper edges of B,

Each flow reduction corresponds to a sound proof reduction.

The above reductions reduce size and are confluent: a very nice and
important use of the natural top-down symmetry of derivations.

(Co)weakening reduction is a simple but very effective normalisation
procedure: lots of bureaucracy goes away in linear time.
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(A,B, f, g) such that:
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Each flow reduction corresponds to a sound proof reduction.

The above reductions reduce size and are confluent: a very nice and
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We would like to use the reductions in Figure 2 as rules for rewriting inside generic
atomic flows. To do so, in general, we should have matching upper and lower edges in
the flows that participate in the reduction, and the reductions in the figure clearly do so.
However, we also have to pay attention to polarities, not to disrupt atomic flows. In fact,
consider the following example.

Example 4.2. The ‘reduction’ on the left, when used inside a larger atomic flow, might
create a situation as on the right:
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,

where the graph at the right is not an atomic flow, for lack of a polarity assignment.

This prompts us to define reduction rules and reductions for atomic flows as follows.

Definition 4.3. An (atomic-flow) reduction rule r from flow A to flow B is a quadruple
(A,B, f, g) such that:

(1) f is a one-to-one map from the upper edges of A to the upper edges of B,

Each flow reduction corresponds to a sound proof reduction.

The above reductions reduce size and are confluent: a very nice and
important use of the natural top-down symmetry of derivations.

(Co)weakening reduction is a simple but very effective normalisation
procedure: lots of bureaucracy goes away in linear time.
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Flow reductions: (co)weakening (2)
E.g.,
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Figure 2: Atomic-flow reduction rules.

We would like to use the reductions in Figure 2 as rules for rewriting inside generic
atomic flows. To do so, in general, we should have matching upper and lower edges in
the flows that participate in the reduction, and the reductions in the figure clearly do so.
However, we also have to pay attention to polarities, not to disrupt atomic flows. In fact,
consider the following example.

Example 4.2. The ‘reduction’ on the left, when used inside a larger atomic flow, might
create a situation as on the right:

!
+

+ +

+

! + ?

+

,

where the graph at the right is not an atomic flow, for lack of a polarity assignment.

This prompts us to define reduction rules and reductions for atomic flows as follows.

Definition 4.3. An (atomic-flow) reduction rule r from flow A to flow B is a quadruple
(A,B, f, g) such that:

(1) f is a one-to-one map from the upper edges of A to the upper edges of B,

specifies that
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Proof. By Theorem 25, we can obtain, from !, a cut-free proof !! of the same formula,
in quasipolynomial time in the size of !. We associate !! with its atomic flow !, so that
we have a way to identify the atom occurrences in!! associated with each edge of!, and

substitute over them. We repeatedly examine each coweakening instance
a"

aw"
t

in !!, for

some edge " of !, and we perform one transformation out of the following exhaustive
list of cases, for some !!!, ", #, # { } and $ { }:

(1)
#

!!! $$

#

!
t

a" % ā

"

" $$

$

!
a"

t

"

# $$
%
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#
!!! $$

#

#
t %

f

ā

$

"{a"/t} $$
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;
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!
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a"
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!
a"
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"

# $$
%

becomes

#
!!! $$

#

!
f & [t % t]
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;
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"
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%
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%

.

We can operate on flow reductions instead of derivations:

I much easier,

I we get natural, syntax-independent induction measures.
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the flows that participate in the reduction, and the reductions in the figure clearly do so.
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consider the following example.

Example 4.2. The ‘reduction’ on the left, when used inside a larger atomic flow, might
create a situation as on the right:

!
+

+ +

+

! + ?

+

,

where the graph at the right is not an atomic flow, for lack of a polarity assignment.

This prompts us to define reduction rules and reductions for atomic flows as follows.

Definition 4.3. An (atomic-flow) reduction rule r from flow A to flow B is a quadruple
(A,B, f, g) such that:

(1) f is a one-to-one map from the upper edges of A to the upper edges of B,

specifies that

QUASIPOLYNOMIAL NORMALISATION IN DEEP INFERENCE 25

Proof. By Theorem 25, we can obtain, from !, a cut-free proof !! of the same formula,
in quasipolynomial time in the size of !. We associate !! with its atomic flow !, so that
we have a way to identify the atom occurrences in!! associated with each edge of!, and

substitute over them. We repeatedly examine each coweakening instance
a"

aw"
t

in !!, for

some edge " of !, and we perform one transformation out of the following exhaustive
list of cases, for some !!!, ", #, # { } and $ { }:

(1)
#

!!! $$

#

!
t

a" % ā
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Soundness of (co)weakening reductions

A flow reduction is sound if it can be used to control proof
normalisation, of course:

16 ALESSIO GUGLIELMI AND TOM GUNDERSEN

(2) g is a one-to-one map from the lower edges of A to the lower edges of B,
(3) for every polarity assignment π for A, there is a polarity assignment π′ for B such

that π′(f(ϵ)) = π(ϵ) and π′(g(ϵ′)) = π(ϵ′), for any upper edge ϵ and any lower edge
ϵ′ of A;

we define reduction rules with graphical expressions r : A → B, where f and g are indicated
by labelling edges. A binary relation R on the set of atomic flows is called an (atomic-flow)
reduction if, whenever C R D, there is a one-to-one map from the upper edges of C to the
upper edges of D and a one-to-one map from the lower edges of C to the lower edges of D.
For every reduction rule r : A → B, the reduction →r is defined, such that C →r D if and
only if A appears as a subgraph in C and we obtain D by replacing A with B in C, while
respecting the correspondence of edges; we call this operation a reduction by r.

Remark 4.4. The condition on polarity assignments for a reduction rule r guarantees that
the D in C →r D is a proper atomic flow, if C is one.

Remark 4.5. Because of the condition on polarity assignments for reduction rules, two
distinct connected components in a flow cannot be connected by a reduction. To see that
this is impossible, consider the following ‘reduction rule’, which violates the condition on
polarity assignments:

→ .

For this ‘reduction rule’ there exist both valid (left) and invalid (right) polarity assignments:

+ − → + − + + → + ? .

It is immediate to check:

Proposition 4.6. The graphical expressions in Figure 2 are atomic-flow reduction rules.

Our reduction rules bear a striking resemblance to many rewriting systems on graphs,
and in particular with interaction nets [Laf97]. It is certainly possible that some interesting
connections with other formalisms can be drawn at some point, but, at this time, we are
not aware of any. We note that the resemblance might simply be due to there being very
few things that we can do with atoms: we can carry them through, delete them or duplicate
them, and it is difficult to think of anything else. We might think of making several copies
of an atom at once, instead of just two, and this indeed has some uses in the fight against
the bureaucracy related to associativity of (co)contraction.

What is peculiar to our work is the fact that reducing flows corresponds to transforming
derivations in a very direct way. The correspondence is captured by the notion of soundness,
which we now define.

Definition 4.7. A reduction R is sound if, for every A and B such that A R B and for
every derivation Φ with atomic flow A, there is a derivation Ψ with atomic flow B such that
Φ and Ψ have the same premiss and conclusion; in this case we write Φ R Ψ. A reduction
rule r is sound if →r is sound.

The proof of the following theorem is essentially contained in Figures 3 and 4.

Theorem 4.8. The reduction rules w↓-c↓, w↓-i↑, w↓-w↑, w↓-c↑, c↓-i↑, c↓-c↑, c↑-w↑, i↓-w↑,
c↓-w↑ and i↓-c↑ are sound.

We need to prove soundness for each reduction, as follows (modulo
symmetries).
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Soundness of (co)weakening reductionsNORMALISATION CONTROL IN DEEP INFERENCE VIA ATOMIC FLOWS 17

w↓-c↓ :
3 1

2
→ 1,2

ξ{f}
aw↓

ξ{a3}
Φ

∥
∥

ζ{a3 ∨ a1}
ac↓

ζ{a2}

→w↓-c↓

ξ{f}
Φ{a3!f} ∥

∥
ζ{f ∨ a1,2}

=
ζ{a1,2}

w↓-i↑ : 2 1 → 1

ξ{f}
aw↓

ξ{a2}
Φ

∥
∥

ζ{a2 ∧ ā1}
ai↑

ζ{f}

→w↓-i↑

ξ{f}
Φ{a2!f} ∥

∥
ζ{f ∧ ā1}

aw↑
ζ{f ∧ t}

=
ζ{f}

w↓-w↑ : 1 →

ξ{f}
aw↓

ξ{a1}
Φ

∥
∥

ζ{a1}
aw↑

ζ{t}

→w↓-w↑

ξ{f}
Φ{a1!f} ∥

∥
ζ{f}

=
ζ{f ∧ [f ∨ t]}

s
ζ{(f ∧ f) ∨ t}

=
ζ{t}

w↓-c↑ :
1 2

3 →
1 2

ξ{f}
aw↓

ξ{a3}
Φ

∥
∥

ζ{a3}
ac↑

ζ{a1 ∧ a2}

→w↓-c↑

ξ{f}
Φ{a3!f} ∥

∥
ζ{f}

=
ζ{f ∧ f}

aw↓
ζ{a1 ∧ f}

aw↓
ζ{a1 ∧ a2}

Figure 3: ‘Downwards’ reduction rules for weakening and their soundness.

Proof. For r ∈ {w↓-c↓,w↓-i↑,w↓-w↑,w↓-c↑, c↓-i↑, c↓-c↑} and r : A → B as in the left columns
of Figures 3 and 4, for every C and D such that C →r D and for every Ψ with flow C, the
right columns of the tables provide reductions Ψ →r Ψ′, where Ψ′ has flow D, as follows.
If Φ′ →r Φ′′ is the reduction provided by the table, then

Ψ =

α

Ψ1
∥
∥
α′

Φ′ ∥
∥
β′

Ψ2
∥
∥
β

and Ψ′ =

α

Ψ1
∥
∥
α′

Φ′′ ∥
∥
β′

Ψ2
∥
∥
β

.

We can deal with the remaining rules by employing dual derivations to the ones shown.
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What about Lafont’s counterexample?
Remember Lafont’s counterexample [19]? In Gentzen the proof

π1

A
w

A, C

π2

B
w

C̄, A
cut

A, B

π1

A
reduces to either w or

A, B

π2

B
w .

A, B

In deep inference we simply get

π1 ∨ π2

obtained by doing

· · · · · · −→ · · · · · · −→ 〈nothing〉 !

This is pathological in Gentzen but natural in deep inference.
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Flow reductions: (co)contraction
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! !

! !

!

! !

! !

!

Figure 2: Atomic-flow reduction rules.

We would like to use the reductions in Figure 2 as rules for rewriting inside generic
atomic flows. To do so, in general, we should have matching upper and lower edges in
the flows that participate in the reduction, and the reductions in the figure clearly do so.
However, we also have to pay attention to polarities, not to disrupt atomic flows. In fact,
consider the following example.

Example 4.2. The ‘reduction’ on the left, when used inside a larger atomic flow, might
create a situation as on the right:

!
+

+ +

+

! + ?

+

,

where the graph at the right is not an atomic flow, for lack of a polarity assignment.

This prompts us to define reduction rules and reductions for atomic flows as follows.

Definition 4.3. An (atomic-flow) reduction rule r from flow A to flow B is a quadruple
(A,B, f, g) such that:

(1) f is a one-to-one map from the upper edges of A to the upper edges of B,

These reductions conserve the number and length of paths. This is a
very important invariant in terms of normalisation and complexity.
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Soundness of (co)contraction reductions18 ALESSIO GUGLIELMI AND TOM GUNDERSEN

c↓-i↑ :
3

4

1 2 →
31 2

ξ{a1 ∨ a2}
ac↓

ξ{a4}
Φ

∥
∥

ζ{a4 ∧ ā3}
ai↑

ζ{f}

→c↓-i↑

ξ{a1 ∨ a2}
Φ{a4!a∨a} ∥

∥
ζ{[a1 ∨ a2] ∧ ā3}

ac↑
ζ{[a1 ∨ a2] ∧ (ā ∧ ā)}

=
ζ{(ā ∧ [a2 ∨ a1]) ∧ ā}

s
ζ{[(ā ∧ a2) ∨ a1] ∧ ā}

ai↑
ζ{[f ∨ a1] ∧ ā}

=
ζ{a1 ∧ ā}

ai↑
ζ{f}

c↓-c↑ :

1 2

5

3 4

→

1 2

3 4

ξ{a1 ∨ a2}
ac↓

ξ{a5}
Φ

∥
∥

ζ{a5}
ac↑

ζ{a3 ∧ a4}

→c↓-c↑

ξ{a1 ∨ a2}
Φ{a5!a∨a} ∥

∥
ζ{a1 ∨ a2}

ac↑
ζ{a1 ∨ (a ∧ a)}

ac↑
ζ{(a ∧ a) ∨ (a ∧ a)}

m
ζ{[a ∨ a] ∧ [a ∨ a]}

ac↓
ζ{a3 ∧ [a ∨ a]}

ac↓
ζ{a3 ∧ a4}

Figure 4: ‘Downwards’ reduction rules for contraction and their soundness.

Remark 4.9. The previous soundness theorem only depends on the switch and medial
rules for the reductions in Figure 4. Any system obtained from SKS by replacing s and
m with linear rules that can derive them would support a soundness theorem like the one
above, for the same reduction rules. For example, we could think of replacing s with the

rule
[a ∨ b] ∧ [c ∨ d]

s′

(a ∧ c) ∨ [b ∨ d]
, from which s is derivable.

Definition 4.10. A finite set of reduction rules is a flow rewriting system. For every
flow rewriting system F = {r1, . . . , rh} we define →F = →r1 ∪ · · · ∪ →rh

. The reflexive
transitive closure of →F is denoted by →⋆

F . Given a set of atomic flows S, we say that a
flow rewriting system F is terminating on S if there is no infinite chain A1 →F A2 →F · · · ,
for every A1 ∈ S; if F is terminating on the set of atomic flows, we say that it is terminating.
We say that atomic flow A is normal for flow rewriting system F if there is no atomic flow
B such that A →F B.

4.2. Weakening and Coweakening. The reduction rules for weakening and coweakening
make for a very simple flow rewriting system. They are very ‘friendly’ rules, because they
greatly simplify atomic flows and associated derivations.

Definition 4.11. The following flow rewriting system is called w:

{ w↓-c↓ , c↑-w↑ , w↓-i↑ , i↓-w↑ , w↓-w↑ , w↓-c↑ , c↓-w↑ } .
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Generalising the cut-free form

I Normalised proof:

26 PAOLA BRUSCOLI, ALESSIO GUGLIELMI, TOM GUNDERSEN, AND MICHEL PARIGOT

aw!-ac! : 1

2
! 1,2 ac"-aw" :

2

1 ! 1,2

aw!-ai" : 1 ! 1 ai!-aw" : 1 ! 1

aw!-aw" : !

aw!-ac" :
1 2

!
1 2

ac!-aw" : 1 2 ! 1 2

FIGURE 6. Weakening and coweakening atomic-flow reductions.

The process terminates in linear time on the size of!# because each transformation elim-
inates some atom occurrences. The final proof is in aSKS. !

The transformations described in the proof of Theorem 27 are the minimal ones nec-
essary to produce a proof in aSKS. However, it is possible to further reduce the proof
so obtained. The transformations in the proof of Theorem 27, together with the one
mentioned in Step (1) in the proof of Theorem 12, all belong to the class of weakening
and coweakening reductions studied in [GG08]. In the rest of this section, we quickly
outline a possible, further transformation of the analytic form produced by those reduc-
tions, and refer the reader to [GG08] for a more thorough explanation.

It is advantageous to describe the weakening and coweakening transformations di-
rectly as atomic-flow reduction rules. These are special graph rewriting rules for atomic
flows, that are known to correspond to sound derivation transformations, in the follow-
ing sense. If " is a derivation with flow!, and! can be transformed into" by one of the
atomic-flow reduction rules, then there exists a derivation # whose flow is " and such
that it has the same premiss and conclusion as ". Moreover, # can be obtained from "
by instantiating some atoms and changing some rule instances, in linear time.

The weakening and coweakening atomic-flow reduction rules are shown in Figure 6.
The reduction rule labelled aw!-ai" is employed in Step (1) in the proof of Theorem 12.
The reduction rules labelled ac"-aw", ai!-aw", aw!-aw" and ac!-aw" are employed in the
proof of Theorem 27, respectively as Case (4), (1), (2) and (3). If we apply the full set of
weakening and coweakening reductions until possible, starting from a proof in cut-free
form, we obtain a proof of the same formula and whose flow has shape

.

Note that the graph rewriting system consisting of the reductions in Figure 6 is confluent.

8. FINAL COMMENTS

System aSKS is not a minimal complete system for propositional logic, because the
atomic cocontraction rule ac" is admissible (via ac!, ai" and s). Removing ac" from
aSKS yields system KS. A natural question is whether quasipolynomial normalisation
holds for KS as well. We do not know, and all indications and intuition point to an
essential role being played by cocontraction in keeping the complexity low. Analysing
Figure 5 shows how cocontraction provides for a typical ‘dag-like’ speed-up over the
corresponding ‘tree-like’ expansion consisting in generating some sort of Gentzen tree.
However, we are aware that in the past this kind of intuition has been fallacious.

I Normalised derivation:

the category AF is not traced [12], because it does not obey
yanking:

!=

Notation 2.7. A box containing some generators stands for
an atomic flow generated only from these generators, and
a box containing some generators crossed out stands for an
atomic flow that does not contain any of these generators.
For example, the two diagrams

and

stand for a flow that contains only ai" and aw" generators
and a flow that does not contain any ac# and ai# generators,
respectively.

Proposition 2.8. Every atomic flow ! can be written in the
following form:

(2)

Proof. Let ! be given and pick an arbitrary occurrence of
ai" inside !. Then ! can be written as shown on the left
below.

!!

!!!
=

!!

!!!

(3)

The equality follows by induction on the number of vertical
edges to cross, For ai# we proceed dually.

Definition 2.9. An atomic flow is weakly streamlined
(resp., streamlined and strongly streamlined) if it can be
represented as the flow on the left (resp., in the middle and
on the right):

.

Proposition 2.10. An atomic flow ! is weakly streamlined
if and only if in G! there is no path from an ai"-vertex to an
ai#-vertex.

Proof. Immediate from (3), read from right to left.

Definition 2.11. An atomic flow ! is weakly streamlined
with respect to an atomic type a if in G! there is no path
from an ai"-vertex to an ai#-vertex, whose edges are la-
belled by a or ā.

3 Properties of Atomic Flows
In this section we show some properties of atomic flows.

Apart from Proposition 3.3 they are not needed in later sec-
tions of this paper, but they lead to an interesting normal
form for atomic flows (Theorem 3.8).

Remark 3.1. Lafont [15] has shown that the generator ae
together with the first two relations in Figure 2 defines the
category of permutations.

Definition 3.2. Let a be an atomic type. An atomic flow
! is ai-free with respect to a if ! does not contain any ai"
generators whose outputs are typed by a and ā, and ! does
not contain any ai# generators whose inputs are typed by a
and ā.

Proposition 3.3. Let a be an atomic type. Then every
atomic flow ! can be written as

a ā

!!

a ā

, (4)

where !! is ai-free with respect to a.

Proof. We apply the construction of the proof of Proposi-
tion 2.8 together with Remark 3.1 and the relations in the
last line of Figure 2.

Proposition 3.4. For any two atomic flows ! and ", we
have

! " = " !

Proof. We have

!

"

=

!

"

=

!

"

=

!

"

!"#!"#

I The symmetric form is called streamlined.

I Cut elimination is a corollary of streamlining.

I We just need to break the paths between identities and cuts, and
(co)weakenings do the rest.
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The process terminates in linear time on the size of!# because each transformation elim-
inates some atom occurrences. The final proof is in aSKS. !

The transformations described in the proof of Theorem 27 are the minimal ones nec-
essary to produce a proof in aSKS. However, it is possible to further reduce the proof
so obtained. The transformations in the proof of Theorem 27, together with the one
mentioned in Step (1) in the proof of Theorem 12, all belong to the class of weakening
and coweakening reductions studied in [GG08]. In the rest of this section, we quickly
outline a possible, further transformation of the analytic form produced by those reduc-
tions, and refer the reader to [GG08] for a more thorough explanation.

It is advantageous to describe the weakening and coweakening transformations di-
rectly as atomic-flow reduction rules. These are special graph rewriting rules for atomic
flows, that are known to correspond to sound derivation transformations, in the follow-
ing sense. If " is a derivation with flow!, and! can be transformed into" by one of the
atomic-flow reduction rules, then there exists a derivation # whose flow is " and such
that it has the same premiss and conclusion as ". Moreover, # can be obtained from "
by instantiating some atoms and changing some rule instances, in linear time.

The weakening and coweakening atomic-flow reduction rules are shown in Figure 6.
The reduction rule labelled aw!-ai" is employed in Step (1) in the proof of Theorem 12.
The reduction rules labelled ac"-aw", ai!-aw", aw!-aw" and ac!-aw" are employed in the
proof of Theorem 27, respectively as Case (4), (1), (2) and (3). If we apply the full set of
weakening and coweakening reductions until possible, starting from a proof in cut-free
form, we obtain a proof of the same formula and whose flow has shape

.

Note that the graph rewriting system consisting of the reductions in Figure 6 is confluent.

8. FINAL COMMENTS

System aSKS is not a minimal complete system for propositional logic, because the
atomic cocontraction rule ac" is admissible (via ac!, ai" and s). Removing ac" from
aSKS yields system KS. A natural question is whether quasipolynomial normalisation
holds for KS as well. We do not know, and all indications and intuition point to an
essential role being played by cocontraction in keeping the complexity low. Analysing
Figure 5 shows how cocontraction provides for a typical ‘dag-like’ speed-up over the
corresponding ‘tree-like’ expansion consisting in generating some sort of Gentzen tree.
However, we are aware that in the past this kind of intuition has been fallacious.

I Normalised derivation:

the category AF is not traced [12], because it does not obey
yanking:

!=

Notation 2.7. A box containing some generators stands for
an atomic flow generated only from these generators, and
a box containing some generators crossed out stands for an
atomic flow that does not contain any of these generators.
For example, the two diagrams

and

stand for a flow that contains only ai" and aw" generators
and a flow that does not contain any ac# and ai# generators,
respectively.

Proposition 2.8. Every atomic flow ! can be written in the
following form:

(2)

Proof. Let ! be given and pick an arbitrary occurrence of
ai" inside !. Then ! can be written as shown on the left
below.

!!

!!!
=
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!!!

(3)

The equality follows by induction on the number of vertical
edges to cross, For ai# we proceed dually.

Definition 2.9. An atomic flow is weakly streamlined
(resp., streamlined and strongly streamlined) if it can be
represented as the flow on the left (resp., in the middle and
on the right):

.

Proposition 2.10. An atomic flow ! is weakly streamlined
if and only if in G! there is no path from an ai"-vertex to an
ai#-vertex.

Proof. Immediate from (3), read from right to left.

Definition 2.11. An atomic flow ! is weakly streamlined
with respect to an atomic type a if in G! there is no path
from an ai"-vertex to an ai#-vertex, whose edges are la-
belled by a or ā.

3 Properties of Atomic Flows
In this section we show some properties of atomic flows.

Apart from Proposition 3.3 they are not needed in later sec-
tions of this paper, but they lead to an interesting normal
form for atomic flows (Theorem 3.8).

Remark 3.1. Lafont [15] has shown that the generator ae
together with the first two relations in Figure 2 defines the
category of permutations.

Definition 3.2. Let a be an atomic type. An atomic flow
! is ai-free with respect to a if ! does not contain any ai"
generators whose outputs are typed by a and ā, and ! does
not contain any ai# generators whose inputs are typed by a
and ā.

Proposition 3.3. Let a be an atomic type. Then every
atomic flow ! can be written as

a ā

!!

a ā

, (4)

where !! is ai-free with respect to a.

Proof. We apply the construction of the proof of Proposi-
tion 2.8 together with Remark 3.1 and the relations in the
last line of Figure 2.

Proposition 3.4. For any two atomic flows ! and ", we
have

! " = " !

Proof. We have
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=
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I The symmetric form is called streamlined.

I Cut elimination is a corollary of streamlining.

I We just need to break the paths between identities and cuts, and
(co)weakenings do the rest.
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The process terminates in linear time on the size of!# because each transformation elim-
inates some atom occurrences. The final proof is in aSKS. !

The transformations described in the proof of Theorem 27 are the minimal ones nec-
essary to produce a proof in aSKS. However, it is possible to further reduce the proof
so obtained. The transformations in the proof of Theorem 27, together with the one
mentioned in Step (1) in the proof of Theorem 12, all belong to the class of weakening
and coweakening reductions studied in [GG08]. In the rest of this section, we quickly
outline a possible, further transformation of the analytic form produced by those reduc-
tions, and refer the reader to [GG08] for a more thorough explanation.

It is advantageous to describe the weakening and coweakening transformations di-
rectly as atomic-flow reduction rules. These are special graph rewriting rules for atomic
flows, that are known to correspond to sound derivation transformations, in the follow-
ing sense. If " is a derivation with flow!, and! can be transformed into" by one of the
atomic-flow reduction rules, then there exists a derivation # whose flow is " and such
that it has the same premiss and conclusion as ". Moreover, # can be obtained from "
by instantiating some atoms and changing some rule instances, in linear time.

The weakening and coweakening atomic-flow reduction rules are shown in Figure 6.
The reduction rule labelled aw!-ai" is employed in Step (1) in the proof of Theorem 12.
The reduction rules labelled ac"-aw", ai!-aw", aw!-aw" and ac!-aw" are employed in the
proof of Theorem 27, respectively as Case (4), (1), (2) and (3). If we apply the full set of
weakening and coweakening reductions until possible, starting from a proof in cut-free
form, we obtain a proof of the same formula and whose flow has shape

.

Note that the graph rewriting system consisting of the reductions in Figure 6 is confluent.

8. FINAL COMMENTS

System aSKS is not a minimal complete system for propositional logic, because the
atomic cocontraction rule ac" is admissible (via ac!, ai" and s). Removing ac" from
aSKS yields system KS. A natural question is whether quasipolynomial normalisation
holds for KS as well. We do not know, and all indications and intuition point to an
essential role being played by cocontraction in keeping the complexity low. Analysing
Figure 5 shows how cocontraction provides for a typical ‘dag-like’ speed-up over the
corresponding ‘tree-like’ expansion consisting in generating some sort of Gentzen tree.
However, we are aware that in the past this kind of intuition has been fallacious.

I Normalised derivation:

the category AF is not traced [12], because it does not obey
yanking:

!=

Notation 2.7. A box containing some generators stands for
an atomic flow generated only from these generators, and
a box containing some generators crossed out stands for an
atomic flow that does not contain any of these generators.
For example, the two diagrams

and

stand for a flow that contains only ai" and aw" generators
and a flow that does not contain any ac# and ai# generators,
respectively.

Proposition 2.8. Every atomic flow ! can be written in the
following form:

(2)

Proof. Let ! be given and pick an arbitrary occurrence of
ai" inside !. Then ! can be written as shown on the left
below.

!!

!!!
=

!!

!!!

(3)

The equality follows by induction on the number of vertical
edges to cross, For ai# we proceed dually.

Definition 2.9. An atomic flow is weakly streamlined
(resp., streamlined and strongly streamlined) if it can be
represented as the flow on the left (resp., in the middle and
on the right):

.

Proposition 2.10. An atomic flow ! is weakly streamlined
if and only if in G! there is no path from an ai"-vertex to an
ai#-vertex.

Proof. Immediate from (3), read from right to left.

Definition 2.11. An atomic flow ! is weakly streamlined
with respect to an atomic type a if in G! there is no path
from an ai"-vertex to an ai#-vertex, whose edges are la-
belled by a or ā.

3 Properties of Atomic Flows
In this section we show some properties of atomic flows.

Apart from Proposition 3.3 they are not needed in later sec-
tions of this paper, but they lead to an interesting normal
form for atomic flows (Theorem 3.8).

Remark 3.1. Lafont [15] has shown that the generator ae
together with the first two relations in Figure 2 defines the
category of permutations.

Definition 3.2. Let a be an atomic type. An atomic flow
! is ai-free with respect to a if ! does not contain any ai"
generators whose outputs are typed by a and ā, and ! does
not contain any ai# generators whose inputs are typed by a
and ā.

Proposition 3.3. Let a be an atomic type. Then every
atomic flow ! can be written as

a ā

!!

a ā

, (4)

where !! is ai-free with respect to a.

Proof. We apply the construction of the proof of Proposi-
tion 2.8 together with Remark 3.1 and the relations in the
last line of Figure 2.

Proposition 3.4. For any two atomic flows ! and ", we
have

! " = " !

Proof. We have
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!
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=
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"
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I The symmetric form is called streamlined.

I Cut elimination is a corollary of streamlining.

I We just need to break the paths between identities and cuts, and
(co)weakenings do the rest.
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The process terminates in linear time on the size of!# because each transformation elim-
inates some atom occurrences. The final proof is in aSKS. !

The transformations described in the proof of Theorem 27 are the minimal ones nec-
essary to produce a proof in aSKS. However, it is possible to further reduce the proof
so obtained. The transformations in the proof of Theorem 27, together with the one
mentioned in Step (1) in the proof of Theorem 12, all belong to the class of weakening
and coweakening reductions studied in [GG08]. In the rest of this section, we quickly
outline a possible, further transformation of the analytic form produced by those reduc-
tions, and refer the reader to [GG08] for a more thorough explanation.

It is advantageous to describe the weakening and coweakening transformations di-
rectly as atomic-flow reduction rules. These are special graph rewriting rules for atomic
flows, that are known to correspond to sound derivation transformations, in the follow-
ing sense. If " is a derivation with flow!, and! can be transformed into" by one of the
atomic-flow reduction rules, then there exists a derivation # whose flow is " and such
that it has the same premiss and conclusion as ". Moreover, # can be obtained from "
by instantiating some atoms and changing some rule instances, in linear time.

The weakening and coweakening atomic-flow reduction rules are shown in Figure 6.
The reduction rule labelled aw!-ai" is employed in Step (1) in the proof of Theorem 12.
The reduction rules labelled ac"-aw", ai!-aw", aw!-aw" and ac!-aw" are employed in the
proof of Theorem 27, respectively as Case (4), (1), (2) and (3). If we apply the full set of
weakening and coweakening reductions until possible, starting from a proof in cut-free
form, we obtain a proof of the same formula and whose flow has shape

.

Note that the graph rewriting system consisting of the reductions in Figure 6 is confluent.

8. FINAL COMMENTS

System aSKS is not a minimal complete system for propositional logic, because the
atomic cocontraction rule ac" is admissible (via ac!, ai" and s). Removing ac" from
aSKS yields system KS. A natural question is whether quasipolynomial normalisation
holds for KS as well. We do not know, and all indications and intuition point to an
essential role being played by cocontraction in keeping the complexity low. Analysing
Figure 5 shows how cocontraction provides for a typical ‘dag-like’ speed-up over the
corresponding ‘tree-like’ expansion consisting in generating some sort of Gentzen tree.
However, we are aware that in the past this kind of intuition has been fallacious.

I Normalised derivation:

the category AF is not traced [12], because it does not obey
yanking:

!=

Notation 2.7. A box containing some generators stands for
an atomic flow generated only from these generators, and
a box containing some generators crossed out stands for an
atomic flow that does not contain any of these generators.
For example, the two diagrams

and

stand for a flow that contains only ai" and aw" generators
and a flow that does not contain any ac# and ai# generators,
respectively.

Proposition 2.8. Every atomic flow ! can be written in the
following form:

(2)

Proof. Let ! be given and pick an arbitrary occurrence of
ai" inside !. Then ! can be written as shown on the left
below.

!!

!!!
=

!!

!!!

(3)

The equality follows by induction on the number of vertical
edges to cross, For ai# we proceed dually.

Definition 2.9. An atomic flow is weakly streamlined
(resp., streamlined and strongly streamlined) if it can be
represented as the flow on the left (resp., in the middle and
on the right):

.

Proposition 2.10. An atomic flow ! is weakly streamlined
if and only if in G! there is no path from an ai"-vertex to an
ai#-vertex.

Proof. Immediate from (3), read from right to left.

Definition 2.11. An atomic flow ! is weakly streamlined
with respect to an atomic type a if in G! there is no path
from an ai"-vertex to an ai#-vertex, whose edges are la-
belled by a or ā.

3 Properties of Atomic Flows
In this section we show some properties of atomic flows.

Apart from Proposition 3.3 they are not needed in later sec-
tions of this paper, but they lead to an interesting normal
form for atomic flows (Theorem 3.8).

Remark 3.1. Lafont [15] has shown that the generator ae
together with the first two relations in Figure 2 defines the
category of permutations.

Definition 3.2. Let a be an atomic type. An atomic flow
! is ai-free with respect to a if ! does not contain any ai"
generators whose outputs are typed by a and ā, and ! does
not contain any ai# generators whose inputs are typed by a
and ā.

Proposition 3.3. Let a be an atomic type. Then every
atomic flow ! can be written as

a ā

!!

a ā

, (4)

where !! is ai-free with respect to a.

Proof. We apply the construction of the proof of Proposi-
tion 2.8 together with Remark 3.1 and the relations in the
last line of Figure 2.

Proposition 3.4. For any two atomic flows ! and ", we
have

! " = " !

Proof. We have

!

"
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!

"

=

!

"
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I The symmetric form is called streamlined.

I Cut elimination is a corollary of streamlining.

I We just need to break the paths between identities and cuts, and
(co)weakenings do the rest.
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The process terminates in linear time on the size of!# because each transformation elim-
inates some atom occurrences. The final proof is in aSKS. !

The transformations described in the proof of Theorem 27 are the minimal ones nec-
essary to produce a proof in aSKS. However, it is possible to further reduce the proof
so obtained. The transformations in the proof of Theorem 27, together with the one
mentioned in Step (1) in the proof of Theorem 12, all belong to the class of weakening
and coweakening reductions studied in [GG08]. In the rest of this section, we quickly
outline a possible, further transformation of the analytic form produced by those reduc-
tions, and refer the reader to [GG08] for a more thorough explanation.

It is advantageous to describe the weakening and coweakening transformations di-
rectly as atomic-flow reduction rules. These are special graph rewriting rules for atomic
flows, that are known to correspond to sound derivation transformations, in the follow-
ing sense. If " is a derivation with flow!, and! can be transformed into" by one of the
atomic-flow reduction rules, then there exists a derivation # whose flow is " and such
that it has the same premiss and conclusion as ". Moreover, # can be obtained from "
by instantiating some atoms and changing some rule instances, in linear time.

The weakening and coweakening atomic-flow reduction rules are shown in Figure 6.
The reduction rule labelled aw!-ai" is employed in Step (1) in the proof of Theorem 12.
The reduction rules labelled ac"-aw", ai!-aw", aw!-aw" and ac!-aw" are employed in the
proof of Theorem 27, respectively as Case (4), (1), (2) and (3). If we apply the full set of
weakening and coweakening reductions until possible, starting from a proof in cut-free
form, we obtain a proof of the same formula and whose flow has shape

.

Note that the graph rewriting system consisting of the reductions in Figure 6 is confluent.

8. FINAL COMMENTS

System aSKS is not a minimal complete system for propositional logic, because the
atomic cocontraction rule ac" is admissible (via ac!, ai" and s). Removing ac" from
aSKS yields system KS. A natural question is whether quasipolynomial normalisation
holds for KS as well. We do not know, and all indications and intuition point to an
essential role being played by cocontraction in keeping the complexity low. Analysing
Figure 5 shows how cocontraction provides for a typical ‘dag-like’ speed-up over the
corresponding ‘tree-like’ expansion consisting in generating some sort of Gentzen tree.
However, we are aware that in the past this kind of intuition has been fallacious.

I Normalised derivation:

the category AF is not traced [12], because it does not obey
yanking:

!=

Notation 2.7. A box containing some generators stands for
an atomic flow generated only from these generators, and
a box containing some generators crossed out stands for an
atomic flow that does not contain any of these generators.
For example, the two diagrams

and

stand for a flow that contains only ai" and aw" generators
and a flow that does not contain any ac# and ai# generators,
respectively.

Proposition 2.8. Every atomic flow ! can be written in the
following form:

(2)

Proof. Let ! be given and pick an arbitrary occurrence of
ai" inside !. Then ! can be written as shown on the left
below.

!!

!!!
=
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!!!

(3)

The equality follows by induction on the number of vertical
edges to cross, For ai# we proceed dually.

Definition 2.9. An atomic flow is weakly streamlined
(resp., streamlined and strongly streamlined) if it can be
represented as the flow on the left (resp., in the middle and
on the right):

.

Proposition 2.10. An atomic flow ! is weakly streamlined
if and only if in G! there is no path from an ai"-vertex to an
ai#-vertex.

Proof. Immediate from (3), read from right to left.

Definition 2.11. An atomic flow ! is weakly streamlined
with respect to an atomic type a if in G! there is no path
from an ai"-vertex to an ai#-vertex, whose edges are la-
belled by a or ā.

3 Properties of Atomic Flows
In this section we show some properties of atomic flows.

Apart from Proposition 3.3 they are not needed in later sec-
tions of this paper, but they lead to an interesting normal
form for atomic flows (Theorem 3.8).

Remark 3.1. Lafont [15] has shown that the generator ae
together with the first two relations in Figure 2 defines the
category of permutations.

Definition 3.2. Let a be an atomic type. An atomic flow
! is ai-free with respect to a if ! does not contain any ai"
generators whose outputs are typed by a and ā, and ! does
not contain any ai# generators whose inputs are typed by a
and ā.

Proposition 3.3. Let a be an atomic type. Then every
atomic flow ! can be written as

a ā

!!

a ā

, (4)

where !! is ai-free with respect to a.

Proof. We apply the construction of the proof of Proposi-
tion 2.8 together with Remark 3.1 and the relations in the
last line of Figure 2.

Proposition 3.4. For any two atomic flows ! and ", we
have

! " = " !

Proof. We have
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I The symmetric form is called streamlined.

I Cut elimination is a corollary of streamlining.

I We just need to break the paths between identities and cuts, and
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How do we break paths?
With the path breaker [23]:

4 Local Flow Transformations

We denote by the rewrite relation on atomic flows
generated by the rules shown in Figure 3.

Proposition 4.1. The rewrite relation is locally conflu-
ent.

Proof. The result follows from a case analysis on the criti-
cal peaks, which are:

and

and their duals.

However, in general the reduction is not terminating.
This can easily be seen by the following example:

The reason is that there can be cycles composed of paths
connecting instances of the and generators. The pur-
pose of the notion “weakly streamlined” (Definition 2.9) is
precisely to avoid such a situation.

Theorem 4.2. Every weakly streamlined atomic flow has
a unique normal form with respect to , and this normal
form is strongly streamlined.

Proof. We do not show the proof of termination here since
it can be found in [9]. We only note that the crucial point
is Proposition 2.10. Then, by Proposition 4.1, we have
uniqueness of the normal form. Since preserves the prop-
erty of being weakly streamlined, and in the normal form
there are no more redexes for , there is no generator ,

, above a generator , , .

5 Global Flow Transformations

The purpose of this section is to present a method for
transforming an atomic flow into a weakly streamlined one.
Since, eventually, we want to lift this operation to proofs in
a deductive system, we have to find a way to break paths
in the flow without breaking any edge. This is achieved
with the following construction, that can considered to be
the heart of this paper.

Figure 3. Local rewrite rules

Definition 5.1. Let be an atomic flow of the shape

(5)

where the wires of the selected and generators carry
the same atomic types, as indicated in (5), and let be the
flow

. (6)

Then we call a path breaker of with respect to , and
write .

Lemma 5.2. Let and be given with , and let
be any atomic type. If is weakly streamlined with respect
to , then so is .

6

→

4 Local Flow Transformations

We denote by the rewrite relation on atomic flows
generated by the rules shown in Figure 3.

Proposition 4.1. The rewrite relation is locally conflu-
ent.

Proof. The result follows from a case analysis on the criti-
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transforming an atomic flow into a weakly streamlined one.
Since, eventually, we want to lift this operation to proofs in
a deductive system, we have to find a way to break paths
in the flow without breaking any edge. This is achieved
with the following construction, that can considered to be
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Figure 3. Local rewrite rules

Definition 5.1. Let be an atomic flow of the shape

(5)

where the wires of the selected and generators carry
the same atomic types, as indicated in (5), and let be the
flow

. (6)

Then we call a path breaker of with respect to , and
write .

Lemma 5.2. Let and be given with , and let
be any atomic type. If is weakly streamlined with respect
to , then so is .

6

Even if there is a path between identity and cut on the left, there is none
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It is a generalisation of the experiment method.
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The path breaker is sound

Proof. Let with and be given. By
repeatedly applying (9) we get the derivation

,

with , from which we can obtain a derivation

,

whose flow is as shown in (8).

Lemma 7.6. The relation can be lifted to .

Proof. Let with and be given. By
applying (9) we have a derivation

,

with . We also have

and

That we call and , respectively. We can now build

,

whose atomic flow is as shown in (6).

Theorem 7.7. The relation can be lifted to .

Proof. Immediate from Lemmas 7.5 and 7.6.

Proof Theorem 7.1. For every -derivation
there exists a weakly-streamlined -derivation
by Theorem 5.7 and Theorem 7.7; for every weakly-

streamlined -derivation there exists a
strongly streamlined -derivation by Theo-
rem 4.2 and Theorem 7.3.
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[1] K. Brünnler. Deep Inference and Symmetry for Classical
Proofs. PhD thesis, Technische Universität Dresden, 2003.
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I We can compose this as many times as there are paths between
identities and cut.

I We obtain a family of normalisers that only depends on n.

I The construction is exponential.

I Finding something like this is unthinkable without flows.
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Example for 2 cuts

16 ALESSIO GUGLIELMI AND TOM GUNDERSEN

Example 4.20. Given a derivation!where the atoms a and b occur, such that the atomic
flow associated with ! is

!1 !2 "
,

where!1 is the atomic flow associated with a,!2 is the atomic flow associated with b and
a and b are the only non-weakly-streamlined atoms in!, then the atomic flow associated
with Norm2(a, b ,Core(!)) is

!1

!1
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Cut elimination

Given a derivation φ, we

I look at the atomic flow of φ, and count the number of connected
components (with paths between axioms and cuts), say n;

I pick the normaliser for n;

I copy and rearrange φ as instructed by the normaliser;

I optionally, we perform (co)weakening reductions.

If φ is a proof, all cuts are eliminated.

This is a massive generalisation of the experiment method that makes
cut elimination independent of the logical content of proofs.

Obviously, cut elimination is a much deeper and simpler phenomenon
than what Gentzen observed.
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Do atomic flows form a proof system?

I Recall: a representation of proofs forms a proof system if its
representations can be checked in polynomial time.

I Do atomic flows qualify?

Question 13
Given a flow φ and formulae A, B, can we decide in polynomial time

whether φ is the flow of some derivation
A

SKS

B
.

I This would yield a simple geometric way to do formal proof theory.
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Do atomic flows form a proof system?

I Answer: no, under sufficient hardness assumptions.

Theorem 14 (D.)
Hilbert-Frege proof search of a formula A can be reduced to {s,m}
derivability in time polynomial in the size of the smallest proof of A.

I This means that even sequentialising a flow of simple edges is as
hard as automating Hilbert-Frege proof search.

Theorem 15 (Bonet, Pitassi & Raz)
Hilbert-Frege systems are not automatisable, unless integer factorisation is
computable by polynomial-size circuits.

I (This hardness assumption is unlikely to be true!)
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Complexity results

I Flow rewriting rules preserve the number of open paths in a flow.

I A KS proof has size polynomial in this number.

Theorem 16 (Folklore, D.)
Flow rewriting induces a normalisation procedure from KS+ to KS in time
polynomial in the number of open paths in the input flow.

Proof idea.
Use the ‘(co)weakening first’ reduction strategy.

I E.g. time complexity ≤ exponential in length of flow.

Open problem 17
Can we do better? Or does cocontraction necessarily yield superpolynomial
compression?
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Lecture 3: Decomposition

Background literature on decomposition:

I Kai Brünnler. Cut Elimination Inside a Deep Inference System for
Classical Predicate Logic. [5]

I Lutz Straßburger. Linear Logic and Noncommutativity in the Calculus
of Structures. [33]

I Lutz Straßburger and AG. A System of Interaction and Structure IV:
The Exponentials and Decomposition. [36]

This lecture develops as an exercise a system appearing in a forthcoming
paper, and proves a decomposition theorem for it. Three background
papers on this system and its computational interpretation are:

I AG. A System of Interaction and Structure. [20]

I Ozan Kahramanoğulları. System BV Is NP-Complete. [29]

I Paola Bruscoli. A Purely Logical Account of Sequentiality in Proof
Search. [8]
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Separating contractions and modalities

The experiment method and its variants only work when classical
disjunction is available.

In other cases the splitting technique can be used. The idea is:

1. decompose a proof into a duplicating phase (involving
contractions) and a non-duplicating one (containing the cuts);

2. eliminate the cuts by resorting to a splitting theorem.
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Example of the general idea
Example of decomposition theorem(s), taken from [36]:A System of Interaction and Structure IV: The Exponentials and Decomposition · 11

Theorem 3.1 (Decomposition). For every derivation

T

∆ ∥
∥ SNEL

R

there are
derivations

T

{e↓} ∥∥
P1

{g↑} ∥∥
P2

{b↑} ∥∥
P3

{ai↓} ∥∥
P4

{w↓} ∥∥
P5

SNELh ∥∥
Q5

{w↑} ∥∥
Q4

{ai↑} ∥∥
Q3

{b↓} ∥∥
Q2

{g↓} ∥∥
Q1

{e↑} ∥∥
R

T

{g↑} ∥∥
U1

{b↑} ∥∥
U2

{e↓} ∥∥
U3

{w↓} ∥∥
U4

{ai↓} ∥∥
U5

SNELh ∥∥
V5

{ai↑} ∥∥
V4

{w↑} ∥∥
V3

{e↑} ∥∥
V2

{b↓} ∥∥
V1

{g↓} ∥∥
R

T

{e↓} ∥∥
W1

{g↑} ∥∥
W2

{b↑} ∥∥
W3

{w↑} ∥∥
W4

{ai↓} ∥∥
W5

SNELh ∥∥
Z5

{ai↑} ∥∥
Z4

{w↓} ∥∥
Z3

{b↓} ∥∥
Z2

{g↓} ∥∥
Z1

{e↑} ∥∥
R

T

{g↑} ∥∥
T1

{b↑} ∥∥
T2

{w↑} ∥∥
T3

{e↓} ∥∥
T4

{ai↓} ∥∥
T5

SNELh ∥∥
R5

{ai↑} ∥∥
R4

{e↑} ∥∥
R3

{w↓} ∥∥
R2

{b↓} ∥∥
R1

{g↓} ∥∥
R

For simplicity we will in the following call the four statements first, second, third,
and fourth decomposition (from left to right). The fourth decomposition is crucial
for the cut elimination proof in [Guglielmi and Straßburger 2009].

Apart from a decomposition into eleven subsystems, the first and the second
decomposition can also be read as a decomposition into three subsystems that
could be called creation, merging and destruction. In the creation subsystem, each
rule increases the size of the structure; in the merging system, each rule does some
rearranging of substructures, without changing the size of the structures; and in
the destruction system, each rule decreases the size of the structure. Here, the
size of the structure incorporates not only the number of atoms in it, but also
the modality-depth for each atom. In a decomposed derivation, the merging part
is in the middle of the derivation, and (depending on your preferred reading of
a derivation) the creation and destruction are at the top and at the bottom, as
shown in the left of Figure 4. In system SNEL the merging part contains the rules
s, q↓, q↑, p↓ and p↑, which coincides with the hard core. In the top-down reading
of a derivation, the creation part contains the rules e↓, g↑, b↑, w↓ and ai↓, and
the destruction part consists of e↑, g↓, b↓, w↑ and ai↑. In the bottom-up reading,
creation and destruction are exchanged.

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.

Here b↓ is a contraction rule. In a proof b↑ (cocontractions) disappears
and a splitting theorem can be applied in the part of the proof above the
cut phase.
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How does one prove a decomposition theorem?

Remember the local transformations of atomic flows on contractions?
The general idea is to let (co)contractions ‘move freely’ until the
rewriting process stops.

NORMALISATION CONTROL IN DEEP INFERENCE VIA ATOMIC FLOWS 15

! !

! !

!

! !

! !

!

Figure 2: Atomic-flow reduction rules.

We would like to use the reductions in Figure 2 as rules for rewriting inside generic
atomic flows. To do so, in general, we should have matching upper and lower edges in
the flows that participate in the reduction, and the reductions in the figure clearly do so.
However, we also have to pay attention to polarities, not to disrupt atomic flows. In fact,
consider the following example.

Example 4.2. The ‘reduction’ on the left, when used inside a larger atomic flow, might
create a situation as on the right:

!
+

+ +

+

! + ?

+

,

where the graph at the right is not an atomic flow, for lack of a polarity assignment.

This prompts us to define reduction rules and reductions for atomic flows as follows.

Definition 4.3. An (atomic-flow) reduction rule r from flow A to flow B is a quadruple
(A,B, f, g) such that:

(1) f is a one-to-one map from the upper edges of A to the upper edges of B,

This is a form of normalisation, therefore of computation.

If the flows can loop, like in classical logic, a form of infinite computation
can be captured.

However decomposition is mostly useful in linear logics (because they
have no classical disjunction), and it normally does not loop there.
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Problem: Is it ‘good’ computation?

Not necessarily. Some monsters could be created [36]:
36 · Lutz Straßburger and Alessio Guglielmi

[ a ! a]
b↑

( [ a ! a] " [ a ! a])
b↑

( [ a ! a] " [ a ! a] " [ a ! a])
b↑

( [ a ! a] " [ a ! a] " [( a " a) ! a])
b↑

( [ a ! a] " [ a ! a] " [( a " a) ! a] " [( a " a) ! a])
b↑

( [ a ! a] " [ a ! a] " [ a ! a] " [( a " a) ! a] " [( a " a) ! a])
p↓

( [ a ! a] " [ a ! a] " [ a ! a] " [( a " a) ! a] " [( a " a) ! a])
p↓

( [ a ! a] " [ a ! a] " [ a ! a] " [( a " a) ! a] " [( a " a) ! a])
p↓

( [ a ! a] " [ a ! a] " [ a ! a] " [( a " a) ! a] " [( a " a) ! a])
p↓

( [ a ! a] " [ a ! a] " [ a ! a] " [ ( a " a) ! a] " [( a " a) ! a])
s
( [ a ! a] " [ a ! a] " [ a ! a] " [ ( a " a) ! ( a " [( a " a) ! a])])

s
( [ a ! a] " [ a ! a] " [ a ! a] " [ ( a " a) ! ( a " a) ! ( a " a)])

s
( [ a ! a] " [ a ! a] " [ ( a " a) ! ( a " a) ! ([ a ! a] " a " a)])

s
[( [ a ! a] " [ a ! a] " [ ( a " a) ! ( a " a)]) ! ([ a ! a] " a " a)]

s
[( [ a ! a] " [ ( a " a) ! ([ a ! a] " a " a)]) ! ([ a ! a] " a " a)]

s
[( [ a ! a] " ( a " a)) ! ([ a ! a] " a " a) ! ([ a ! a] " a " a)]

p↑
[ ([ a ! a] " a " a) ! ([ a ! a] " a " a) ! ([ a ! a] " a " a)]

s
[ [([( a " a) ! a] " a)] ! ([ a ! a] " a " a) ! ([ a ! a] " a " a)]

s
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b↓
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b↓
[ ( a " a) ! ( a " a)]

b↓
( a " a)

!![!a ! a]
b↑

(!![!a ! a] " ![!a ! a])
b↑

(!![!a ! a] " ![!a ! a] " ![!a ! a])
b↑

(!![!a ! a] " ![!a ! a] " ![(!a " a) ! a])
b↑

(!![!a ! a] " ![!a ! a] " ![(!a " a) ! a] " [(!a " a) ! a])
b↑

(!![!a ! a] " ![!a ! a] " ![!a ! a] " ![(!a " a) ! a] " [(!a " a) ! a])
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p↓
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(![?!a ! !a] " [?!a ! !a] " [?!a ! !a] " [?(!a " a) ! (!a " a) ! (!a " a)])

s
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[(![?!a ! !a] " ?(!a " a)) ! ([?!a ! !a] " !a " a) ! ([?!a ! !a] " !a " a)]

p↑
[?([?!a ! !a] " !a " a) ! ([?!a ! !a] " !a " a) ! ([?!a ! !a] " !a " a)]

s
[?[([(?!a " !a) ! !a] " a)] ! ([?!a ! !a] " !a " a) ! ([?!a ! !a] " !a " a)]

s
[?[(?!a " !a) ! (!a " a)] ! ([?!a ! !a] " !a " a) ! ([?!a ! !a] " !a " a)]

s
[?[(?!a " !a) ! (!a " a)] ! ([(?!a " !a) ! !a] " a) ! ([?!a ! !a] " !a " a)]

s
[?[(?!a " !a) ! (!a " a)] ! (?!a " !a) ! (!a " a) ! ([?!a ! !a] " !a " a)]

s
[?[(?!a " !a) ! (!a " a)] ! (?!a " !a) ! (!a " a) ! ([(?!a " !a) ! !a] " a)]

s
[?[(?!a " !a) ! (!a " a)] ! (?!a " !a) ! (!a " a) ! (?!a " !a) ! (!a " a)]

p↑
[?[?(!a " a) ! (!a " a)] ! (?!a " !a) ! (!a " a) ! (?!a " !a) ! (!a " a)]

p↑
[?[?(!a " a) ! (!a " a)] ! ?(!a " a) ! (!a " a) ! (?!a " !a) ! (!a " a)]

p↑
[?[?(!a " a) ! (!a " a)] ! ?(!a " a) ! (!a " a) ! ?(!a " a) ! (!a " a)]

b↓
[??(!a " a) ! ?(!a " a) ! (!a " a) ! ?(!a " a) ! (!a " a)]

b↓
[??(!a " a) ! ?(!a " a) ! ?(!a " a) ! (!a " a)]

b↓
[??(!a " a) ! ?(!a " a) ! ?(!a " a)]

b↓
[??(!a " a) ! ?(!a " a)]

b↓
??(!a " a)

Fig. 9. Result of applying the decomposition to the derivation in (9)

The cycles in (9) and (20) are both forked. The one in (9) has forking number 2
(since both, the b↓ and the b↑ fork the cycle), and the cycle in (20) has forking
number 1.

Lemma 5.18 (Step 2 in Fig. 5). Let ∆ be a derivation in SNEL′, and let ∆′

be the result of first permuting all g↓, b↓, w↓ down (via Lemma 5.15), and then
permuting all g↑, b↑, w↑ up (via Lemma 5.14). If G!?(∆

′) is cyclic, then G!?(∆
′)

contains an unforked cycle.

Proof. We show the following claim: If G!?(∆
′) contains a cycle c with fk(c) = n

for some n > 0, then it also contains a cycle c′ with fk(c′) = n − 1. Clearly, the
cycle c must be forked by n instances of b↓ that have all been introduced by the

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.

We certainly get computations of some sort, but they hard to describe
and hard to control with induction measures.
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Solution: Start from the local reductions of
atomic flows

The problem of the previous example was that we took the (controlled)
contraction of linear logic, which was designed within the constraints of
the sequent calculus.

We are free from that, so let’s pick a duplication mechanism that suits us
and let’s try and obtain it as normalisation in some deep inference proof
system.

Let’s model Kleene’s star.
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Some ingredients of a Kleene algebra

Two things are necessary:

1. A sequentiality operator: a.b;

2. The Kleene star: a? = {ε, a, a.a, a.a.a, . . . }.

This stuff is the basis of many process algebras, e.g., CCS.

Surprise(?): sequentiality cannot be captured in an analytic Gentzen
system. It requires deep inference [20, 39].

The moral reason is that sequentiality and the Kleene’s star are self-dual
and noncommutative:

a.b | a.b = a.b | ā.b̄→ ◦ .

Technically, Tiu’s counterexample applies (see next slides and [39, 40]).

In this lecture you find the complete construction of a proof system
whose normalisation realises sequentiality and the Kleene’s star.
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System BV

BV = MLL + self-dual noncommutative operator [20, 39]:

I Equations:
A� B = ĀO B̄ AO B = Ā� B̄ A◁B = Ā◁ B̄

A� (B� C) = (A� B)� C
A◁〈B◁C〉 = 〈A◁B〉◁C
AO [BO C] = [AO B]O C

A� B = B� A AO B = BO A

A� ◦ = A◁◦ = ◦◁A = AO ◦ = A

I Rules:

a� ā
i↑
◦

〈A◁B〉� 〈C ◁D〉
q↑

(A� C)◁(B�D)

◦
i↓

aO ā

A� [BO C]
s

(A� B)O C

[AO C]◁ [BOD]
q↓
〈A◁B〉O 〈C ◁D〉
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Tiu’s counterexample:
BV is not expressible in Gentzen

Graphical representation of a proof in BV:

Properties of a Logical System in the Calculus of Structures 5

presented graphically as follows:

·
·

a b

·
c

·
·

·
ā

·
b̄ c̄

·
·

.

All the dual atoms in this structure can be made into communication by identifying two time points
between two structures connected by a par. We can “prove” the structure in the following way:

·
·

a b

·
c

·
·

·
ā

·
b̄ c̄

·
·

=⇒

·
·
a

b

c

·
·

·
ā

·
b̄ c̄

·
·

=⇒

·
·
a

b

c

·
·

·
ā

b̄

c̄

·
·

=⇒

·
a ā

··
·
b

c

·

·
b̄

c̄

·
·

=⇒

·
a ā

··
b

·

b̄

··
c

·
c̄

·

=⇒

·
b

·

b̄

··
c

·
c̄

·

=⇒
·

c

·
c̄

·
=⇒ ◦

The proof above has a certain interesting property. The substructures [a, b] and [b̄, c̄] in S0 above
must decide their temporal relations first, before the proof can proceed. Let us see what happens if we
identify the time points outside those two substructures:

·
a

·
b ā

··
c

·

b̄ c̄

·

.

The structure now is no longer provable because now b comes before b̄ and can no more communicate.
There are several other possibilities not shown here, but none of them leads to a proof. Thus the structure
[⟨[a, b]; c⟩, ⟨ā; [b̄, c̄]⟩] is provable if we change either [a, b] to ⟨a; b⟩ or [b̄, c̄] to ⟨b̄; c̄⟩ first. Now, the crucial
part of establishing the counterexample is that we can delay this changing of temporal relation between
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Tiu’s counterexample:
BV is not expressible in Gentzen (cont.)

We can build a growing fractal of growing depth; the next step is:
6 Alwen F. Tiu

·

·

·

a1 a b1

·

c1

·

·

·

ā1

·

b̄1 b c̄1

·

··

c

·

·

·

ā

·

·

a2 b̄ b2

·

c2

·

·

·

ā2

·

b̄2 c̄ c̄2

·

··

·

Fig. 2 Graphical representation of the structure S1

a and b (or b̄ and c̄) by nesting them inside other S0 structures:

·
·

a1 a b1

·
c1

·
·

·
ā1

·
b̄1 b c̄1

·
·

and

·
·

a2 b̄ b2

·
c2

·
·

·
ā2

·
b̄2 c̄ c̄2

·
·

The one step nesting of S0 produces the structure S1 shown in Figure 2. We are now forced to change
the relation [a1, b1, a] to ⟨a1; b1; a⟩ before we can change the temporal relation between a and b. This
process of nesting of substructures of a certain S0 structure inside other S0 structures can be repeated
to generate larger and larger provable structures with the same property: their proofs must start by
changing the innermost redexes. Given a particular shallow system with a certain depth, we are then
able to produce a structure such that its innermost redexes are beyond the depth of the shallow rules
in the system, and thus establish the proof that no shallow system can be equivalent to BV . Of course,
this is a rather simplified explanation. The formal proof in Section 5 will use a different representation,
but the principle is still the same.

This paper is organised as follows. Section 2 covers some basic definitions concerning structures.
In Section 3, a representation of structures, called trace, is introduced. It was originally developed to
give semantics to System BV . In fact, System BV was discovered through this semantics [4]. Section
4 introduces System BV along with a partial characterisation of its provable structures. The formal
proof of the deep-nesting property, based on traces, is given in Section 5. This paper ends with some
conclusions and suggestions for further developments.

…and each of its cut-free proofs has to start deeper inside.
Therefore BV cannot be captured by shallow inference!
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6 Alwen F. Tiu
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6 Alwen F. Tiu
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ā2

·
b̄2 c̄ c̄2

·
·

The one step nesting of S0 produces the structure S1 shown in Figure 2. We are now forced to change
the relation [a1, b1, a] to ⟨a1; b1; a⟩ before we can change the temporal relation between a and b. This
process of nesting of substructures of a certain S0 structure inside other S0 structures can be repeated
to generate larger and larger provable structures with the same property: their proofs must start by
changing the innermost redexes. Given a particular shallow system with a certain depth, we are then
able to produce a structure such that its innermost redexes are beyond the depth of the shallow rules
in the system, and thus establish the proof that no shallow system can be equivalent to BV . Of course,
this is a rather simplified explanation. The formal proof in Section 5 will use a different representation,
but the principle is still the same.

This paper is organised as follows. Section 2 covers some basic definitions concerning structures.
In Section 3, a representation of structures, called trace, is introduced. It was originally developed to
give semantics to System BV . In fact, System BV was discovered through this semantics [4]. Section
4 introduces System BV along with a partial characterisation of its provable structures. The formal
proof of the deep-nesting property, based on traces, is given in Section 5. This paper ends with some
conclusions and suggestions for further developments.

…and each of its cut-free proofs has to start deeper inside.
Therefore BV cannot be captured by shallow inference!
Lecture 3: Decomposition Separating contractions and modalities 95 / 231



Splitting for BV

Theorem (Splitting) For every proof
◦

K{A� B}
there are proofs

KA O KB O { }

K{ }

◦

KA O A

◦

KB O B

and for every proof
◦

K{A◁B}
there are proofs

〈KA ◁KB〉O { }

K{ }

◦

KA O A

◦

KB O B

Splitting recovers Gentzen’s notion of analyticity without imposing it on
the meta-level of the formalism.
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Example: Building a logic for a Kleene algebra,
called KV …

We now build system SKV (for sequentiality and Kleene’s star) and
prove its cut elimination.
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Formulae and formula contexts of SKV

Definition 18
Let A be a denumerable set of atoms whose elements are denoted by a,
b, c, …. There is a bijective map ·̄ : A→ A, called negation, such that
ā 6= a and ¯̄a = a. The set F of formulae of SKV contains terms defined
by the grammar

F ::= A | ◦ | ?F | (FO F) | (F◁F) | (F� F) ,

where the following distinct symbols do not belong to A: the unit ◦, the
star modality ? and the par, seq and tensor connectives O, ◁ and �,
respectively. Formulae are denoted by A, B, C, …. A (formula) context
K{ } · · · { } is a formula where some subformulae are substituted by
holes; K{A1} · · · {An} denotes a formula where the n holes in
K{ } · · · { } have been filled with A1, …, An. The expression A ≡ B
means that the formulae A and B are syntactically equal. We omit
parentheses when there is no ambiguity.
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Prederivations of SKV

Definition 19
We define as follows the set P of prederivations, denoted by φ, ψ and
χ, and the two functions premiss and conclusion, respectively
pr, cn : P→ F:

I F⊂P and for every formula A ∈ F we have pr A ≡ cn A ≡ A;

I if φ, ψ ∈P then ?φ and (φOψ) and (φ◁ψ) and (φ�ψ) are
prederivations said to be composed by connectives and such that

pr ?φ ≡ ? prφ , cn ?φ ≡ ? cnφ ,

pr(φOψ) ≡ (prφO prψ) , cn(φOψ) ≡ (cnφO cnψ) ,

pr(φ◁ψ) ≡ (prφ◁prψ) , cn(φ◁ψ) ≡ (cnφ◁cnψ) ,

pr(φ�ψ) ≡ (prφ� prψ) , cn(φ�ψ) ≡ (cnφ� cnψ) ;
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Prederivations of SKV (cont.)

I if φ, ψ ∈P then
φ

ψ
is a prederivation said to be composed by

inference and such that

pr
φ

ψ
≡ prφ and cn

φ

ψ
≡ cnψ ;

I P is the minimal set satisfying the previous conditions.

A (prederivation) context κ{ } · · · { } is a prederivation where some
sub-prederivations are substituted by holes; κ{φ1} · · · {φn} denotes a
prederivation where the n holes in κ{ } · · · { } have been filled with φ1,
…, φn. We extend in the natural way the definition of pr and cn to
contexts. To improve readability sometimes we enclose derivations in
boxes.
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Composition of prederivations of SKV

Definition 20
Let φ and ψ be two prederivations such that cnφ ≡ prψ; in this case

we define their composition
φ
....
ψ

as the prederivation recursively defined

as follows, where φ′, φ′′, ψ′ and ψ′′ are some prederivations:

I if φ is a formula then
φ
....
ψ
≡ ψ; analogously if ψ is a formula then

φ
....
ψ
≡ φ;

I if φ ≡ ?φ′ then ψ ≡ ?ψ′, and we define
φ
....
ψ
≡ ?

φ′
....
ψ′

;
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Composition of prederivations of SKV (cont.)

I if φ ≡ φ′ O φ′′ then ψ ≡ ψ′ Oψ′′, and we define
φ
....
ψ
≡
φ′
....
ψ′
O
φ′′
.....
ψ′′

;

the cases of composition by the connectives ◁ and � are
analogous;

I if φ ≡
φ′

φ′′
then

φ
....
ψ
≡

φ′
(
φ′′
....
ψ

)
; analogously, if ψ ≡

ψ′

ψ′′
then

φ
....
ψ
≡

(
φ
....
ψ′

)

ψ′′
.
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Sections in SKV

Proposition 21
For every prederivation φ and prederivation context κ{ } there exist
derivations ψ and χ and a formula context K{ } such that

κ{φ} ≡
ψ

..........
K{φ}
..........
χ

.

Proof.
By induction on the structure of κ{ }. In the base case, where
κ{ } ≡ { }, the proposition is true: take ψ ≡ prφ and χ ≡ cnφ and
K{ } ≡ { }. The inductive cases are as follows:
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Sections in SKV (cont.)

I if κ{ } ≡ ?κ′{ } apply the induction hypothesis and

from κ′{φ} ≡
ψ′

...........
K′{φ}
...........
χ′

obtain κ{φ} ≡
?ψ′

.............
?K′{φ}
.............
?χ′

;

I if κ{ } ≡ κ′{A}O κ′′{ } for some formula A, apply the induction
hypothesis and

from κ′{A} ≡
ψ′
..........
K′{A}
..........
χ′

and κ′′{φ} ≡
ψ′′

............
K′′{φ}
............
χ′′

obtain κ{φ} ≡
ψ′ Oψ′′

...........................
K′{A}O K′{φ}
...........................

χ′ O χ′′
;

the cases of composition by the connectives ◁ and � are
analogous;

Lecture 3: Decomposition Example: Building a logic for a Kleene algebra, called KV … 104 / 231



Sections in SKV (cont.)

I if κ{ } ≡
ψ′

κ′{ }
apply the induction hypothesis and

from κ′{φ} ≡
ψ′′
..........
K{φ}
..........
χ′

obtain κ{φ} ≡

ψ′

ψ′′
..........
K{φ}
..........
χ′

;

proceed analogously when κ{ } ≡
κ′{ }
χ′

.
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Equations in SKV
Definition 22
Let = be the equivalence relation on the set of prederivations P such
that
I the following schemes of associativity, commutativity of O and �,

and unit equations hold:

Associativity φ� (ψ� χ) = (φ�ψ)� χ

φ◁(ψ ◁χ) = (φ◁ψ)◁χ

φO (ψO χ) = (φOψ)O χ

Commutativity φ�ψ = ψ� φ

φOψ = ψO φ

Unit φ� ◦ = φ◁◦ = ◦◁φ = φO ◦ = φ

I = is closed under reflexivity, symmetry, transitivity and
prederivation context.
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Deductive system SKV
Definition 23
The deductive system SKV (respectively, KV, KV−) is the collection of
the inference rules labelled SKV (respectively, KV, KV−) together with

the inference rule
A

=
B

, where = is the relation defined in Definition 22:

SKV

a� ā
i↑
◦

?◦
?↑
◦

(A◁B)� (C ◁D)
q↑

(A� C)◁(B� D)

?A� ?B
p↑
?(A� B)

?A
c↑

A◁?A
coatom costar coseq copromotion cocontraction

KV− KV

◦
i↓

aO ā

◦
?↓
?◦

A� (BO C)
s
(A� B)O C

(AO C)◁(BO D)
q↓

(A◁B)O (C ◁D)

?(AO B)
p↓
?AO ?B

A◁?A
c↓

?A
atom star switch seq promotion contraction
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Example: … proving splitting for KV …
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?-depth

Definition 24
Given a derivation κ{φ}, the ?-depth of φ in κ{ } is the number of ?s
which φ is in the scope of.
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Some propositions towards splitting 1

Proposition 25
For every formula K{A} there are derivations whose shape is

K{A}
{s,q↓,p↓}

K{◦}O ?nA
and

K{◦}� ?nA
{s,q↑,p↑}

K{A}
,

where n is the ?-depth of A in K{ }.
Proof.
By induction on the structure of the context K{ }.
We first consider the case for {s, q↓, p↓}. The base case of the
induction, for which the statement follows trivially, is K{A} = BO A, for
some formula B (possibly = ◦).
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Some propositions towards splitting 1 (cont.)
Otherwise we consider, respectively,

K{A} = H{C � (BO A)} , K{A} = H{C ◁(BO A)} and K{A} = H{?(BO A)} ,

for some formula context H{ } and formulae B (possibly = ◦) and
C 6= ◦; we then apply the induction hypothesis and take, respectively,

H
{

C � (BO A)
s
(C � B)O A

}

{s,q↓,p↓}
H{C � B}O ?nA

,
H
{

C ◁(BO A)
q↓

(C ◁B)O A

}

{s,q↓,p↓}
H{C ◁B}O ?nA

and
H
{

?(BO A)
p↓
?BO ?A

}

{s,q↓,p↓}
H{?B}O ?n−1?A

.

If K{A} = H{(BO A)◁C} we proceed analogously to the previous
case at the centre.
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Some propositions towards splitting 1 (cont.)
In the case for {s, q↑, p↑} the base case is K = B� A and the inductive
cases to consider are dual to those seen before:

H{C O B}� ?nA
{s,q↑,p↑}

H
{

(C O B)� A
s
C O (B� A)

} ,

H{C ◁B}� ?nA
{s,q↑,p↑}

H
{

(C ◁B)� A
q↑

C ◁(B� A)

} and

H{?B}� ?n−1?A
{s,q↑,p↑}

H
{

?B� ?A
p↑
?(B� A)

} .
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Some propositions towards splitting 2

Proposition 26
For all formulae A and B and for every subsystem S of SKV that does not
contain i↑:

1. for every
S

A� B there exist
S

A and
S

B ,

2. for every
S

A◁B there exist
S

A and
S

B ,

3. for every
S

?A there exists
S

A .
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Some propositions towards splitting 2 (cont.)
Proof.
By induction on the length of the given proof in sequential form and a
case analysis of its bottom inference step. For example, given

S

(A1 ◁B1)� (A2 ◁B2)
q↑

(A1 � A2)◁(B1 � B2)

,

we get
φ1 S

A1
,
ψ1 S

B1
,
φ2 S

A2
and

ψ2 S
B2

, therefore we can build φ1 � φ2 and

ψ1 �ψ2.
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Shallow splitting 1

This is an extension of Theorem 4.1.4 in [20].

Theorem 27 (Shallow splitting)
For all formulae A, B and C:

1. for every
KV−

(A� B)O C there exist
DO E

KV−

C
and

KV−

AOD and
KV−

BO E ,

2. for every
KV−

(A◁B)O C there exist
D◁E

KV−

C
and

KV−

AOD and
KV−

BO E ,

3. for every
KV−

?AO C there exist
?D

KV−

C
and

KV−

AOD ,

for some formulae D and E.
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Shallow splitting 2

Proof.
Given the proof φ of formula F, which is any of

φ KV−

(A� B)O C ,
φ KV−

(A◁B)O C or
φ KV−

?AO C ,

we consider it represented in sequential form with no trivial inference
steps and proceed by induction on the lexicographic order over
〈size of F, length of φ〉. We prove the theorem for all the possible cases
of the bottom inference step of φ.
The base case φ = ◦ is trivial.
For the inductive cases we assume C 6= ◦ because otherwise
Proposition 26 applies; we also assume A 6= ◦ 6= B because otherwise
the proof is trivial. In the rest of this proof we assume that all the
derivations are in KV−.
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Shallow splitting 2 (cont.)

Consider the following three cases, for any rule ρ ∈ KV−:

(A′ � B)O C
ρ

(A� B)O C
, (A� B′)O C

ρ
(A� B)O C

and (A� B)O C′
ρ

(A� B)O C
.

In the first case we obtain

DO E

C
, A′

ρ
A
OD and BO E ;

the second case is analogous;
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Shallow splitting 2 (cont.)
in the third case we obtain

DO E

C′
ρ

C

, AOD and BO E .

Analogous constructions hold when the conclusion of φ is (A◁B)O C
or ?AO C.
We consider now all the remaining cases:

1. A = A1 � A2, B = B1 � B2, C = C1 O C2 and

φ = (A1 � B1 � ((A2 � B2)O C1))O C2
s

(A1 � A2 � B1 � B2)O C1 O C2

;
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Shallow splitting 2 (cont.)

2. C = (C1 � C2)O C3 O C4 and

φ = (C1 � ((A� B)O C2 O C3))O C4
s

(A� B)O (C1 � C2)O C3 O C4

;

3. C = (C1 � C2)O C3 O C4 and

φ = (C1 � ((A◁B)O C2 O C3))O C4
s

(A◁B)O (C1 � C2)O C3 O C4

;

4. B = B1 ◁B2, C = (C1 ◁C2)O C3 and

φ = (((A◁B1)O C1)◁(B2 O C2))O C3
q↓

(A◁B1 ◁B2)O (C1 ◁C2)O C3

;
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Shallow splitting 2 (cont.)

5. A = A1 ◁A2, C = (C1 ◁C2)O C3 and

φ = ((A1 O C1)◁((A2 ◁B)O C2))O C3
q↓

(A1 ◁A2 ◁B)O (C1 ◁C2)O C3

;

6. C = (C1 ◁C2)O C3 O C4 and

φ = (((A� B)O C1 O C3)◁C2)O C4
q↓

(A� B)O (C1 ◁C2)O C3 O C4

;

7. C = (C1 ◁C2)O C3 O C4 and

φ = (C1 ◁((A� B)O C2 O C3))O C4
q↓

(A� B)O (C1 ◁C2)O C3 O C4

;
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Shallow splitting 2 (cont.)

8. C = (C1 ◁C2)O C3 O C4 and

φ = (((A◁B)O C1 O C3)◁C2)O C4
q↓

(A◁B)O (C1 ◁C2)O C3 O C4

;

9. C = (C1 ◁C2)O C3 O C4 and

φ = (C1 ◁((A◁B)O C2 O C3))O C4
q↓

(A◁B)O (C1 ◁C2)O C3 O C4

;

10. C = ?C1 O C2 and φ = ?(AO C1)O C2
p↓
?AO ?C1 O C2

.
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Shallow splitting 2 (cont.)

Note that Cases 2 and 3 are trivial variations of each other, and so are
Cases 4/5 and 6/7/8/9.
We can prove Case 10 as follows. By the induction hypothesis there
exist

?D1

C2

and AO C1 OD1
;

we can consider D = C1 OD1 and build

?(C1 OD1)
p↓

?C1 O
?D1

C2

.
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Shallow splitting 2 (cont.)

Cases 1–9 are proved in [20]; they are all straightforward and we prove
here one case as an example. In Case 5 by the induction hypothesis
there exist

D1 ◁D2

C3

, A1 O C1 OD1
and

(A2 ◁B)O C2 OD2
.

The size of (A2 ◁B)O C2 OD2 is less than that of
(A1 ◁A2 ◁B)O (C1 ◁C2)O C3, otherwise the instance of q↓ would be
trivial, so we can apply the induction hypothesis again and obtain

D3 ◁E

C2 OD2

, A2 OD3
and BO E .
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Shallow splitting 2 (cont.)

Therefore we can consider D = (C1 OD1)◁D3 and build

(C1 OD1)◁
D3 ◁E

C2 OD2
q↓

(C1 ◁C2)O
D1 ◁D2

C3

and A1 O C1 OD1
◁ A2 OD3

q↓
(A1 ◁A2)O ((C1 OD1)◁D3)

.
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Context reduction 1

Theorem 28 (Context reduction)
For every context K{ } and formula A, if there exists a proof

KV−

K{A}

then there exist a formula B, a derivation

?n(xO B)
KV−

K{x}

and a proof
KV−

AO B ,

where n is the ?-depth of { } in K{ } and x is an atom that does not
appear in K{ }.
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Context reduction 2

Proof.
By induction on the size of K{◦}. The base case K{A} = ◦ is trivial.
There are four inductive cases corresponding to the main connective of
K{ }. In this proof we assume that all the derivations are in KV−.

1. K{ } = K′{ }� C for some C 6= ◦. By Proposition 26 and the
induction hypothesis we obtain

?n(xO B)

K′{x}
� C and AO B .

2. K{ } = K′{ }◁C or K{ } = C ◁K′{ } for some C 6= ◦. Similar
to Case 1.
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Context reduction 2 (cont.)

3. K{ } = K′{ }O C for some C 6= ◦ such that K′{x} is not a proper
par. If K′{ } = { } take B = C and the theorem is proved,
otherwise there are three cases:
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Context reduction 2 (cont.)
3.1 K′{ } = K′′{ }� C′ for some C′ 6= ◦. By Theorem 27 there exist

DO E

C
,

φ

K′′{A}OD and C′ O E .

Since the size of D is at most the size of C, we can apply the
induction hypothesis to φ and obtain

?n(xO B)

K′′{x}OD
� C′ O E

s
((K′′{x}OD)� C′)O E

s

(K′′{x}� C′)O
DO E

C

and AO B .
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Context reduction 2 (cont.)

3.2 K′{ } = K′′{ }◁C′ for some C′ 6= ◦. Similar to Case 1.
3.3 K′{ } = ?K′′{ }. By Theorem 27 there exist

?D

C
and

φ

K′′{A}OD .

Since the size of D is smaller than the size of C, we can apply the
induction hypothesis to φ and obtain

?
?n−1(xO B)

K′′{x}OD
p↓

?K′′{x}O
?D

C

and AO B .
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Context reduction 2 (cont.)

4. K{ } = ?K′{ }. By Proposition 26 and the induction hypothesis we
obtain

?
?n−1(xO B)

K′{x}
and AO B .
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Splitting

Corollary 29 (Splitting)
For all formulae A and B and all contexts K{ }:

1. for every
KV−

K{A� B} there exist
?n(xODO E)

KV−

K{x}
and

KV−

AOD and

KV−

BO E ,

2. for every
KV−

K{A◁B} there exist
?n(xO (D◁E))

KV−

K{x}
and

KV−

AOD and

KV−

BO E ,

3. for every
KV−

K{?A} there exist
?n(xO ?D)

KV−

K{x}
and

KV−

AOD ,
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Splitting (cont.)
for some formulae D and E, where n is the ?-depth of { } in K{ } and x is
an atom that does not appear in K{ }.
Proof.
First apply Theorem 28 then Theorem 27.
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A little lemma

Proposition 30

For every proof
KV−

aO C there exists a derivation
ā

KV−

C
.

Proof.
By Corollary 34 permute to the top of the given proof the i↓ instance
adjacent to the arc of the atom a singled out in the conclusion; then
replace all the occurrences of a in that arc by ◦.
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Cut elimination without contraction

Proposition 31
The rules i↑, q↑ and p↑ are admissible for KV−.
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Cut elimination without contraction (cont.)
Proof.
Given a proof

KV−

K{a� ā}, by Corollary 29 we obtain

?n(DO E)
KV−

K{◦}
,

KV−

aOD and
KV−

āO E ,

where n is the ?-depth of { } in K{ }. By Proposition 30 we can build in
KV−:

?n

◦
i↓

ā

D
O

a

E

K{◦}

.

The admissibility of q↑ and p↑ is left as an exercise.
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Consistency

Consistency is an immediate consequence:

Proposition 32
The formula a� ā is not provable in KV−.
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Example: … proving decomposition for KV by
flows …
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A simple decomposition 1

Proposition 33

Every derivation
A

SKV

B
can be reduced in quadratic time to a derivation

whose shape is

A�
◦
{?↓}

?m1◦
� · · ·�

◦
{?↓}

?mh◦
�

◦
{?↓}

?n1
◦

i↓
a1 O ā1

� · · ·�

◦
{?↓}

?nk
◦

i↓
ak O āk

SKV\{i↓,?↓,i↑,?↑}

BO
?m′

1◦
{?↑}
◦

O · · ·O
?m′

h′ ◦
{?↑}
◦

O
?n′1

a′1 � ā′1
i↑
◦
{?↑}
◦

O · · ·O
?n′

k′
a′k′ � ā′k′

i↑
◦
{?↑}
◦

,
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A simple decomposition 1 (cont.)
for some h, h′, k, k′ ≥ 0 and
m1, . . . ,mh,m′1, . . . ,m

′
h′ , n1, . . . , nk, n′1, . . . , n

′
k′ ≥ 0 and atoms a1, …,

ak, a′1, …, a′k′ .

Proof.
Reduce the given derivation to sequential form (Proposition 11) and
repeat the following reductions, based on Proposition 25, until a
derivation in SKV \ {i↓, ?↓, i↑, ?↑} is obtained:
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A simple decomposition 1 (cont.)
A′

φ SKV\{?↓,i↓}

K
{ ◦
?↓
?◦

}
ψ

B′

→

A′

φ

K{◦}
� ?n◦

{s,q↑,p↑}
K{?◦}
ψ

B′

,

A′

φ SKV\{?↓,i↓}

K
{ ◦

i↓
aO ā

}
ψ

B′

→

A′

φ

K{◦}
� ?n(aO ā)

{s,q↑,p↑}
K{aO ā}
ψ

B′

,

A′

ψ

K
{

?◦
?↑
◦

}
φ SKV\{?↑,i↑}
B′

→

A′

ψ

K{?◦}
{s,q↓,p↓}

K{◦}
φ

B′
O ?n◦

,

A′

ψ

K
{

a� ā
i↑
◦

}
φ SKV\{?↑,i↑}
B′

→

A′

ψ

K{a� ā}
{s,q↓,p↓}

K{◦}
φ

B′
O ?n(a� ā)

,

for some formulae A′ and B′, which initially are A and B. Insert the
derivation so obtained between two derivations in {?↓, i↓} and {?↑, i↑}
as indicated in the statement of the proposition.
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A simple decomposition 2

Corollary 34

Every derivation
A

SKV

B
can be reduced in quadratic time to a derivation

whose shape is
A
{?↓}

C
{i↓}

D
SKV\{?↓,i↓,i↑,?↑}

E
{i↑}

F
{?↑}

B

,

for some formulae C, D, E and F.
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?-flows 1

Definition 35
Given an instance of an inference rule, we say that two occurrences of
the same atom, logical operator or modality are corresponding if they
occur in the same position of the subformula identified in the rule by
the same variable.
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?-flows 2

Definition 36

arc

· · ·
︸︷︷︸

n

costar copromotion cocontraction

· · ·
n︷︸︸︷

star promotion contraction

The labelled directed graphs above are called elementary ?-flows. Their
nodes are indicated by their labels , , , , , , , , ,
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?-flows 2 (cont.)
and their arcs are (implicitly) orientated from the top to the bottom.

A ?-flow is either the empty graph, or an elementary ?-flow, or the
composition of ?-flows, where a composition of two disconnected
?-flows α and β is obtained by identifying and eliminating zero or more
non-overlapping couples of nodes, such that each couple consists of a

node of α and a node of β. Given a ?-flow α, let β be the
undirected graph obtained from α by disregarding the orientation of the
arcs: we say that β is the disoriented graph of α; the notions of path,
cycle, tree, connectedness and connected component are inherited by α
from its disoriented graph β in the natural way.
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?-flows 3

Definition 37
Given an SKV derivation φ and a ?-flow α, we say that α is the (unique
modulo graph isomorphism) ?-flow of φ if there exists a surjective map
·̂ from the occurrences of ? in φ to the arcs in α such that the following
properties hold.
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?-flows 3 (cont.)
1. For each ?↓, ?↑, p↓, p↑, c↓ or c↑ inference step in φ there is a

corresponding subgraph of α such that ·̂ is defined as follows:

?x◦
?↑ ◦ 7→

x̂

,

◦
?↓
?x◦

7→
x̂

,

?xA{?x1 , . . . , ?xn}� ?yB{?y1 , . . . , ?ym}
p↑
?z(A{?z1 , . . . , ?zn}� B{?z′1

, . . . , ?z′m
})
7→

ẑ

x̂ ŷ x̂1

ẑ1

· · ·
x̂n

ẑn

ŷ1

ẑ′1
· · ·

ŷm

ẑ′m
,

?z(A{?z1 , . . . , ?zn}O B{?z′1
, . . . , ?z′m

})
p↓
?xA{?x1 , . . . , ?xn}O ?yB{?y1 , . . . , ?ym}

7→
ẑ

x̂ ŷ x̂1

ẑ1
· · ·

x̂n

ẑn

ŷ1

ẑ′1 · · ·
ŷm

ẑ′m
,

?zA{?z1 , . . . , ?zn}
c↑

A{?x1 , . . . , ?xn}◁?yA{?y1 , . . . , ?yn}
7→

x̂1
· · · x̂n

ẑ

ŷ

ẑ1

ŷ1

· · ·
ẑn

ŷn

,

A{?x1 , . . . , ?xn}◁?yA{?y1 , . . . , ?yn}
c↓

?zA{?z1 , . . . , ?zn}
7→

x̂1 · · · x̂n

ẑ

ŷ

ẑ1

ŷ1
· · ·

ẑn

ŷn
,
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?-flows 3 (cont.)
where x, y and z indicate occurrences of ? and where
A{?x1 , . . . , ?xn} and B{?y1 , . . . , ?ym} represent the formulae A and
B in which all the occurrences of ? are indicated, for n,m ≥ 0.

2. For every other inference step in φ, ·̂ maps each occurrence of ? in
every couple of corresponding occurrences of ? to the same arc of
α.

3. The graph α is maximal, i.e., there is no bigger graph than α such
that ·̂ can be defined with the above properties.
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?-flows 4

Proposition 38
Every S derivation φ from A to B can be reduced to a sequential S
derivation ψ from A to B such that the ?-flow of ψ is the same as the
?-flow of φ, for every deductive system S for which ?-flows are defined.

Theorem 39
For every SKV derivation φ, the ?-flow of φ contains no cycles, i.e., each of
its connected components is a tree.

Proof.
Exercise. Hint: use cut elimination for KV− in order to derive a
contradiction.
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Derivation reductions

Definition 40
We describe a kind of derivation reduction requiring at most linear time
on the size of a given derivation. Let φ be a derivation where a ρ
inference step is directly above a ρ′ inference step, as indicated below.
We consider two cases, where κ{ } and κ′{ } are derivation contexts,
A, B, C, D, E and F are formulae, prκ{ } ≡ K{ } and cnκ′{ } ≡ K′{ },
derivation χ contains no instances of ρ′ and derivation χ′ contains no
instances of ρ:
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Derivation reductions (cont.)
I we reduce

φ ≡ κ′





D
ψ

A
ρ

κ





C
ρ′

B
ψ′

E









into κ′





D
ψ

A
χ′

F
χ {ρ}
K{B}

..................

κ

{ B
ψ′

E

}





and κ′





D
ψ

A
χ′ {ρ′}

F
χ

K{B}
..................

κ

{ B
ψ′

E

}





,

and we specify the relative reduction schemes, respectively, as

A
ρ

K
{

C
ρ′

B

} →

A
χ′

F
χ {ρ}
K{B}

and

A
ρ

K
{

C
ρ′

B

} →

A
χ′ {ρ′}

F
χ

K{B}

;
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Derivation reductions (cont.)
I dually, we reduce

φ ≡ κ





κ′





D
ψ

A
ρ

C





ρ′

B
ψ′

E





into κ





κ′
{ D
ψ

A

}

..................
K′{A}
χ′

F
χ {ρ}

B
ψ′

E





and κ





κ′
{ D
ψ

A

}

..................
K′{A}
χ′ {ρ′}

F
χ

B
ψ′

E





,

and we specify the relative reduction schemes, respectively, as

K′
{

A
ρ

C

}

ρ′

B

→

K′{A}
χ′

F
χ {ρ}

B

and
K′
{

A
ρ

C

}

ρ′

B

→

K′{A}
χ′ {ρ′}

F
χ

B

.
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Permutations

Definition 41
We call C the abstract reduction system over SKV \ {?↓, ?↑}
derivations such that each derivation reduction relation belongs to one
of the following three sets:
I the set of primary permutations PC, containing the derivation

reductions ρ/c↑, where ρ ∈ {=, p↓, c↓, p↑}, and c↓/ρ′, where
ρ′ ∈ {=, p↓, p↑}:

I we define =/c↑ and c↓/=, respectively, by the schemes

?A
=
?B

c↑
B◁?B

→
?A

c↑
A

=
B
◁?

A
=

B

and

A◁?A
c↓

?A
=
?B

→
A

=
B
◁?

A
=

B
c↓

?B

;
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Permutations (cont.)
I we define p↓/c↑ by the scheme

?(AO B)
p↓

?A
c↑

A◁?A
O ?B

→

?(AO B)
c↑

(AO B)◁
?(AO B)

p↓
?AO ?B

q↓

(A◁?A)O
B◁?B

c↓
?B

and a similar scheme where the premiss of a c↑ step on the left is
?B;

I we define p↑/c↑ by the scheme

?A� ?B
p↑
?(A� B)

c↑
(A� B)◁?(A� B)

→

?A
c↑

A◁?A
�

?B
c↑

B◁?B
q↑

(A� B)◁
?A� ?B

p↑
?(A� B)

;
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Permutations (cont.)
I the schemes for c↓/p↓ and c↓/p↑ are dual to those for p↑/c↑ and

p↓/c↑ and, together with the scheme for c↓/c↑, are defined as
follows:

c↓/p↓:

(AO B)◁?(AO B)
c↓

?(AO B)
p↓
?AO ?B

→
(AO B)◁

?(AO B)
p↓
?AO ?B

q↓
A◁?A

c↓
?A

O
B◁?B

c↓
?B

A B

〈d,p,e〉
A B

→

A B

〈d,p1,e〉 〈d,p2,e〉

A B

where p1, p2 < p
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Permutations (cont.)
c↓/p↑:

A◁?A
c↓

?A
� ?B

p↑
?(A� B)

→

(A◁?A)�
?B

c↑
B◁?B

q↑

(A� B)◁
?A� ?B

p↑
?(A� B)

c↓
?(A� B)

A

〈d,p,e〉
A B

→

A

B

〈d,p1,e〉

〈d,p2,e
′〉 A B

where p1, p2 < p
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Permutations (cont.)
c↓/c↑:

A◁?A
c↓

?A
c↑

A◁?A

→ A◁?A

A

A

A

→
A A
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Permutations (cont.)
I the set of secondary external permutations EC, containing the

derivation reductions ρ//Ec↑ and c↓//Eρ, for every ρ ∈ SKV; we
define ρ//Ec↑ and c↓//Eρ, respectively, by the schemes

?K
{

A
ρ

B

}

c↑
K{B}◁?K{B}

→
?K{A}

c↑

K
{

A
ρ

B

}
◁?K

{
A

ρ
B

}
and

K{A}◁?K{A}
c↓

?K
{

A
ρ

B

} →
K
{

A
ρ

B

}
◁?K

{
A

ρ
B

}

c↓
?K{B}

;
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Permutations (cont.)
I the set of secondary internal permutations IC, containing the

derivation reductions ρ//Ic↑ and c↓//Iρ, for every
ρ ∈ SKV \ {c↓, c↑}; we define ρ//Ic↑ and c↓//Iρ, respectively, by the
schemes

K{?A}
ρ

H
{

?A
c↑

A◁?A

} →
K
{

?A
c↑

A◁?A

}

ρ
H{A◁?A}

and

H
{

A◁?A
c↓

?A

}

ρ
K{?A}

→
H{A◁?A}

ρ

K
{

A◁?A
c↓

?A

}
.
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Decomposition of contraction

Theorem 42

Every derivation
A

SKV\{?↓,?↑}
B

can be reduced to a derivation whose shape

is
A
{c↑}

C
SKV\{?↓,?↑,c↓,c↑}

D
{c↓}

B

,

for some formulae C and D.
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Decomposition of contraction (cont.)
Proof.
Permute contraction steps down and cocontraction steps up. Associate
to each (co)contraction step the measure 〈d, p, e〉, where

I d is the ?-depth of the connected component of the main ? in the
(co)contraction step,

I p is the maximum path in the connected component (which is a
tree thanks to Theorem 39) in the direction of the permutation and

I e is the height of the step in the given derivation (in sequential
form) in the direction of the permutation.

Apply on each triple 〈d, p, e〉 a lexicographic ordering which is
increasing in the first argument, up to the maximum ?-depth in the given
derivation, and decreasing in the others, and apply a multiset ordering
[17] to the multiset of (co)contraction steps. In other words, perform
external or primary permutations until possible.

The following schemes help checking the measure in the proof.
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Measures of secondary external permutations

c↓//Ep↓:
K{?(AO B)}◁?K{?(AO B)}

c↓

?K
{

?(AO B)
p↓
?AO ?B

} → K
{

?(AO B)
p↓
?AO ?B

}
◁?K

{
?(AO B)

p↓
?AO ?B

}
c↓

?K{?AO ?B}

K

{〈d′,pi,ei〉}i

A B

〈d,p,e〉
K A B

→
K

{〈d′,p′i ,ei〉}i

A B

〈d,p,e−1〉

K A B

where d′ < d and ∀i(pi ≤ p′i )
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Measures of secondary external permutations
(cont.)

c↓//Ep↑:
K{?A� ?B}◁?K{?A� ?B}

c↓

?K
{

?A� ?B
p↑
?(A� B)

} → K
{

?A� ?B
p↑
?(A� B)

}
◁?K

{
?A� ?B

p↑
?(A� B)

}
c↓

?K{?(A� B)}

K

{〈d′,pi,ei〉}i

A B

〈d,p,e〉
K A B

→
K

{〈d′,p′i ,ei〉}i

A B

〈d,p,e−1〉

K A B

where d′ < d and ∀i(pi ≤ p′i )
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Measures of secondary external permutations
(cont.)

c↓//Ec↓:
K{A◁?A}◁?K{A◁?A}

c↓

?K
{

A◁?A
c↓

?A

} →
K
{

A◁?A
c↓

?A

}
◁?K

{
A◁?A

c↓
?A

}

c↓
?K{?A}

K A A
〈d,p,e〉

K A A

→
K A

〈d′,1,0〉
A

〈d,p,e−1〉

K A A

where d′ < d
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Measures of secondary external permutations
(cont.)

c↓//Ec↑:
K{?A}◁?K{?A}

c↓

?K
{

?A
c↑

A◁?A

} →
K
{

?A
c↑

A◁?A

}
◁?K

{
?A

c↑
A◁?A

}

c↓
?K{A◁?A}

K A
〈d,p,e〉

K

A

A

→
K

A
〈d′,p′,e′〉 A

〈d,p,e−1〉

K

A

A

where d′ < d
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Example: … and finally getting cut elimination
for KV
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Cut elimination for KV

◦
SKV

B

34−→

◦
{?↓}

C
SKV\{?↓,?↑}

D
{?↑}

B

42−→

◦
{?↓}

C
{c↓}

E
SKV\{?↓,?↑,c↓,c↑}

F
{c↑}

D
{?↑}

B

†−→

◦
{?↓}

E
KV−∪{i↑,q↓,p↑}

F
{c↑}

D
{?↑}

B

31−→
◦

KV

B

†: because c↓ disappears under unitary premisses.

Exercise: Where does ?↑ go in the final step?
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Cut elimination for KV

◦
SKV

B

34−→

◦
{?↓}

C
SKV\{?↓,?↑}

D
{?↑}

B
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◦
{?↓}

C
{c↓}

E
SKV\{?↓,?↑,c↓,c↑}

F
{c↑}
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◦
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E
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D
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B
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◦

KV

B

†: because c↓ disappears under unitary premisses.

Exercise: Where does ?↑ go in the final step?
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Surprise!

There is a subtle mistake in the previous argument. Can you find it? Can
you fix it?

Don’t worry: it is a very minor thing that can be easily fixed. I hope that
this way you are stimulated into reviewing the argument and possibly
finding more serious problems. Any contribution will be acknowledged
of course. I’ll show you the solution in Lecture 5. -AG
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Lecture 4.0 (leftovers from Lecture 2): Some
remarks on the complexity of atomic flows

This part of the lecture briefly presents a few results on complexity
issues for atomic flows.

The result that atomic flows do not form a proof system appeared in:

I D. Rewriting with Linear Inferences in Propositional Logic. [14]

The analysis of the complexity of flow rewriting was presented in,

I D. On the relative proof complexity of deep inference via atomic
flows. [16]

Although many of the preliminary ideas and groundwork occurred in the
already cited works on atomic flows, e.g. [21], [23] and [11].
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Do atomic flows form a proof system?

I Recall: a representation of proofs forms a proof system if its
representations can be checked in polynomial time.

I Do atomic flows qualify?

Question 43
Given a flow φ and formulae A, B, can we decide in polynomial time

whether φ is the flow of some derivation
A

SKS

B
.

I This would yield a simple geometric way to do formal proof theory.

Sanity check 44 (Folklore, D.)
Every proof has size quadratic in the size of its flow, or can otherwise be
transformed into such a proof with the same flow.
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Do atomic flows form a proof system?

I Answer: no, under sufficient hardness assumptions.

Theorem 45 (D.)
Hilbert-Frege proof search of a formula A can be reduced to {s,m}
derivability in time polynomial in the size of the smallest proof of A.

I This means that even sequentialising a flow of simple edges is as
hard as automating Hilbert-Frege proof search.

Theorem 46 (Bonet, Pitassi & Raz)
Hilbert-Frege systems are not automatisable, unless integer factorisation is
in P/poly.

I (This hardness assumption is unlikely to be true!)

Lecture 4.0: Leftovers from Lecture 2: Some remarks on the complexity of atomic flows Complexity of sequentialising atomic flows170 / 231



Do atomic flows form a proof system?

I Answer: no, under sufficient hardness assumptions.

Theorem 45 (D.)
Hilbert-Frege proof search of a formula A can be reduced to {s,m}
derivability in time polynomial in the size of the smallest proof of A.

I This means that even sequentialising a flow of simple edges is as
hard as automating Hilbert-Frege proof search.

Theorem 46 (Bonet, Pitassi & Raz)
Hilbert-Frege systems are not automatisable, unless integer factorisation is
in P/poly.

I (This hardness assumption is unlikely to be true!)

Lecture 4.0: Leftovers from Lecture 2: Some remarks on the complexity of atomic flows Complexity of sequentialising atomic flows170 / 231



Do atomic flows form a proof system?

I Answer: no, under sufficient hardness assumptions.

Theorem 45 (D.)
Hilbert-Frege proof search of a formula A can be reduced to {s,m}
derivability in time polynomial in the size of the smallest proof of A.

I This means that even sequentialising a flow of simple edges is as
hard as automating Hilbert-Frege proof search.

Theorem 46 (Bonet, Pitassi & Raz)
Hilbert-Frege systems are not automatisable, unless integer factorisation is
in P/poly.

I (This hardness assumption is unlikely to be true!)

Lecture 4.0: Leftovers from Lecture 2: Some remarks on the complexity of atomic flows Complexity of sequentialising atomic flows170 / 231



Do atomic flows form a proof system?

I Answer: no, under sufficient hardness assumptions.

Theorem 45 (D.)
Hilbert-Frege proof search of a formula A can be reduced to {s,m}
derivability in time polynomial in the size of the smallest proof of A.

I This means that even sequentialising a flow of simple edges is as
hard as automating Hilbert-Frege proof search.

Theorem 46 (Bonet, Pitassi & Raz)
Hilbert-Frege systems are not automatisable, unless integer factorisation is
in P/poly.

I (This hardness assumption is unlikely to be true!)

Lecture 4.0: Leftovers from Lecture 2: Some remarks on the complexity of atomic flows Complexity of sequentialising atomic flows170 / 231



Do atomic flows form a proof system?

I Answer: no, under sufficient hardness assumptions.

Theorem 45 (D.)
Hilbert-Frege proof search of a formula A can be reduced to {s,m}
derivability in time polynomial in the size of the smallest proof of A.

I This means that even sequentialising a flow of simple edges is as
hard as automating Hilbert-Frege proof search.

Theorem 46 (Bonet, Pitassi & Raz)
Hilbert-Frege systems are not automatisable, unless integer factorisation is
in P/poly.

I (This hardness assumption is unlikely to be true!)
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Some analytic fragments of SKS

We will use the following abbreviations throughout this lecture.

We designate the monotone fragments of deep inference as:

I MSKS = SKS \ {ai↓, ai↑}
I MKS = KS \ {ai↓}.

We designate the full cut-free and analytic subsystems of SKS as:

I KS+ = SKS \ {ai↑}.
I aSKS = SKS \ {ai↑, aw↑}.

Notice that these two are supersystems of minimal deep inference, KS.

Lecture 4.0: Leftovers from Lecture 2: Some remarks on the complexity of atomic flows Complexity of normalising cut-free proofs171 / 231



Complexity of normalising KS+

Consider the system norm of local flow rewriting rules on KS+:

w↓-c↓ : → i↓-w↑ : → c↑-w↑ : →

w↓-c↑ : → w↓-w↑ : → c↓-w↑ : →

c↓-c↑ : → i↓-c↑ : →

Observation 47

I norm preserves the number of open paths in a flow.
I A KS flow has size polynomial in the number of its open paths.

Exercise: Prove these!
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Complexity of normalising KS+

I norm is strongly normalising and confluent. (Proof omitted).

I In fact we even have the following:

Theorem 48 (Folklore, D.)
norm induces a normalisation procedure from KS+ to KS in time
polynomial in the number of open paths in the input flow.

I FYI: This only works for weak normalisation!

Can you see why?

Proof idea.
Use the ‘(co)weakening first’ reduction strategy.

I Complexity estimates can be obtained from graph theory, e.g.:

time complexity ≤ exponential in length of flow
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Lecture 4.1: Quasipolynomial-time
cut-elimination in deep inference

Main reference for this part of the lecture:

I Paola Bruscoli, AG, Tom Gundersen and Michel Parigot. A
Quasipolynomial Normalisation Procedure in Deep Inference. [11]
(The paper [10] is a conference exposition of the same results.)

This result was originally proved in,

I Emil Jeřábek. Proof Complexity of the Cut-Free Calculus of Structures.
[27]

where other constructions may also be found.
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An idea

Remember experiments? Morally the following:

A

π SKS

B

→ π′

//2noo

OO

1

��

Can we trade width for length?
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An idea

E.g. can we do the following?

A

π SKS

B

→

πn

π1

...

//ncoo

OO

n

��

nc×n =

The answer is yes when c ≈ log n.
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The final product

In fact the final product looks like this:

TTYJVi.,YT

24 PAOLA BRUSCOLI, ALESSIO GUGLIELMI, TOM GUNDERSEN, AND MICHEL PARIGOT

!!0

!

"1...
"k

!!
k

#k!

"k+1

!

!!n

"n

...

· · · · · ·

$

FIGURE 5. Atomic flow of a proof in cut-free form.

where ψ is the union of flows φ1, . . . , φn , and where we denote by α the edges corre-
sponding to the atom occurrences appearing in the conclusion α ofΠ. We then have that,
for 0< k < n, the flow of Φk is φ�k , as in Figure 5, where ψk is the flow of the derivation
Ψk . The flows of Φ0 and Φn are, respectively, φ�0 and φ�n .

7. NORMALISATION STEP 3: ANALYTIC FORM

In this section, we show that we can get proofs in analytic SKS, i.e., system aSKS, in
quasipolynomial time from proofs in SKS.

Transforming a proof in cut-free form into an analytic one requires eliminating co-
weakening rule instances. This can be done by transformations that are the dual of those
over weakening instances, employed in Step (1) of the proof of Theorem 12.

Theorem 27. Given any proof Π of α in SKS, we can construct a proof of α in aSKS in
time quasipolynomial in the size of Π.

Let us see how we get there...
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Catalysts for normalisation

Recall the experiments method: we controlled width with a catalyst:

∨

A∈{0,1}n

n∧

i=1

A(ai) where A(ai) =

{
ai Ai = 1

āi Ai = 0

This is simply the ‘disjunction of assignments’, so has size ≈ 2n.

I This is already a tautology, but instead we can use general formulae.

I Using ‘runs of the proof’ we can eventually achieve a tautology.

I It is this repetition that induces the desired width-length tradeoff.
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āi Ai = 0

This is simply the ‘disjunction of assignments’, so has size ≈ 2n.

I This is already a tautology, but instead we can use general formulae.

I Using ‘runs of the proof’ we can eventually achieve a tautology.

I It is this repetition that induces the desired width-length tradeoff.

Lecture 4.1: Quasipolynomial-time cut-elimination in deep inference Monotone threshold formulae 178 / 231



Catalysts for normalisation

Recall the experiments method: we controlled width with a catalyst:

∨

A∈{0,1}n

n∧

i=1

A(ai) where A(ai) =

{
ai Ai = 1
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Formulae for counting
Definition 49 (Threshold functions)
The Boolean functions THn

k : {0, 1}n → {0, 1} are defined by

σ 7→ 1 if
n∑

i=1

σi ≥ k .

I These functions are monotone, i.e.

τ ≥ σ =⇒ THn
k(τ) ≥ THn

k(σ) .

I We can compute them over {f, t,∨,∧}, e.g.

∨
∑

i σi≥k

∧

σi=1

ai .

I Unfortunately too big: they induce proofs of width ≈ 2n.
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Formulae for counting

However, notice the following identity:

TH2n
k (a,b) =

k∨

i=0

THn
i (a) ∧ THn

k−i(b)

This yields formulae of depth O(log n) using gates of size k.

Proposition 50
There are nO(log n)-size monotone formulae θn

k computing THn
k.

Exercise 51
What are the base cases for this inductive definition?
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Fundamental properties of threshold formulae

Theorem 52
The following have nO(log n)-size derivations in {aw↑, aw↓, s}:

t

(1)

θn
0(a)

θn
n+1(a)

(2)

f

θn
k(· · · f · · · )

(3)

θn
k+1(· · · t · · · )

Proof.
(1) and (2) follow almost immediately by Boolean semantics and
monotonicity. (3) requires an inductive argument...
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Increasing thresholds: proof of (3)

θ2n
k (· · · f · · · ,b)

=

k∨
i=0



θn

i (· · · f · · · )
IH

θn
i+1(· · · t · · · )

∧ θn
k−i(b)


 ∨

f
w↓
θn

0(· · · t · · · ) ∧ θn
k+1(b)

=
θ2n

k+1(· · · t · · · ,b)

NB: Only w↑ and w↓ are used, so flows have length 1.

Exercise 53
Show that (3)−1 holds as well, but requires c↓.
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Main lemma

Lemma 54
There is a quasipolynomial transformation of the following format,

π SKS

τ
→

θn
k(a)

Tkπ MSKS

τ ∨ θn
k+1(a)

T′kπ

with flows of constant length.

Proof.
I will show you soon, if time permits! Let us first see how to use it...
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Main result
Theorem 55 (Jeřábek)
KS+ quasipolynomially simulates SKS.

Proof.
(1)

θn
0(a)

T0π


τ ∨

θn
1(a)

T1π

τ ∨

...

Tnπ

· · ·


τ ∨

θn
n+1(a)

(2)

f


 · · ·







=
τ ∨ · · · ∨ τ

n·c↓
τ

T′nπ

T′0π

...

(1)

(3)

· · ·
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Proof of main lemma is in Sect. 1.
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Discussion
I OMG quasipolynomial-time cut-elimination!

Can we do better?

Question 56
Can cut-elimination be carried out in polynomial time?

I In fact, polynomial size threshold formulae exist, but known
constructions are either probabilistic, horrific, or both!

I This makes proofs of (3), in particular, difficult to construct.
I By previous results we can actually refine this simulation:

Corollary 57
(Bounded-depth) KS(g) ∪ {c↑} quasipolynomially simulates SKS.

Proof.

I w↑ can be eliminated in linear time.

I In the presence of c↑ depth can be restricted to a constant.
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Lecture 4.2: The complexity of KS

The main reference for this part of the lecture is:

I D. On the relative proof complexity of deep inference via atomic
flows. [16]

However many related results appeared before in other works, for
example the already referenced [21], [27] and [9].

Lecture 4.2: A short survey of complexity results for KS 187 / 231
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The problem for KS
I Why not simply adapt quasipolynomial-time normalisation to KS?

I Recall that when rewriting with flows:

Time complexity
≈

number of paths

πn

π1

...

OO

n

��

I So their flows normalise in exponential time in n.
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Tweaking the idea for KS

Theme of this section:

Look for flows that are short.

Proposition 58

I Flows of constant length normalise in polynomial time.
I Flows of polylogarithmic length normalise in quasipolynomial time.

Between the extremes of the ‘experiments’ and ‘thresholds’ methods.

In this section we will survey the relative complexity of KS.
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Cut-free Gentzen systems

For completeness, let us restate a result from last week:

Observation 59
KS polynomially simulates tree-like cut-free Gentzen systems.

Proof.
The rules of KS are generalisations of the rules of the calculus GS1p.

As we have already seen, the converse is not true.

Theorem 60 (Bruscoli & Guglielmi)
KS is exponentially separated from tree-like cut-free Gentzen systems.

Proof.
Via, for example, the Statman tautologies.
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Truth tables

Remember undergraduate logic? Truth tables! E.g.

a b c (a ∧ b) (a ∧ b) ∨ c
0 0 0 0 0
0 0 1 0 1
0 1 0 0 0
0 1 1 0 1
1 0 0 0 0
1 0 1 0 1
1 1 0 1 1
1 1 1 1 1

Formal definition omitted, but let us use this formalism as a case study.
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Relative complexity of truth tables

I By adapting the experiments argument, it is not difficult to obtain:

Theorem 61
KS+ polynomially simulates truth tables with flows of constant length.

Corollary 62
KS polynomially simulates truth tables.

I The following highlights the weakness of analytic Gentzen systems:

Proposition 63 (D’Agostino)
Tree-like cut-free sequent calculi do not polynomially simulate truth tables.

I From here we can infer an alternative proof that tree-like analytic
Gentzen systems do not polynomially simulate KSg!
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The functional pigeonhole principle

I The pigeonhole principle is a fundamental tool in combinatorics:

“if there are n + 1 pigeons in n holes then
there must be two pigeons in some hole”.

I It can be encoded as a class of propositional tautologies:

FPHPn :=
n∧

i=0

n∨

j=1

pij →
n∨

j=1

∨

i 6=i′
(pij ∧ pi′ j) ∨

n∨

i=0

∨

j 6=j′
(pij ∧ pij′)

(Read pij as “pigeon i sits in hole j”.)

I Note that this encoding insists that the map i 7→ j is many-one.
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Some results on FPHPn

The following has long been known:

Theorem 64 (Buss)
There are polynomial-size Hilbert-Frege proofs of FPHPn.

Via equivalence of SKS and Hilbert-Frege, and simple forms, we have:

Buss H−F

FPHPn

p-sim−→ SKS

FPHPn

simplify−→ KS

FPHPn ∨
∨

i,j(pij ∧ p̄ij)

Proposition 65 (Jeřábek)

There are polynomial-size derivations

pij ∧ p̄ij

πij KS+

FPHPn

for each i, j.

This yields polynomial-size KS+-proofs, crucially due to deep inference.
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Reduction to KS and separations

On analysis, the flows of πij have constant length, giving:

Theorem 66 (D.)
There are polynomial-size KS-proofs of FPHPn.

From previously known lower bounds, we obtain the following:

Corollary 67
KS is exponentially separated from:
I Cut-free sequent calculi, tree-like or dag-like.
I All variants of Resolution systems.
I Bounded-depth Hilbert-Frege systems.
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Proof of Lemma 54
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Simple form of a proof

Definition 68
An SKS-proof over atoms is in simple form if it has the following format:

n∧
i=1

t
ai↓

ai ∨ āi

π MKS

τ ∨
n∨

i=1

ai ∧ āi
ai↑

f

We call π the simple core of this proof.

Theorem 69 (Jeřábek)
An SKS-proof can be simplified in polynomial time.
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Transformation to simple form

Proof.

1. Eliminate aw↑ and ac↑ steps by the following flow rewrite rules:

→

→

(Correctness left as exercise to student.)

2. Permute ai↓ steps upwards and ai↑ steps downwards.

3. ‘Switch out’ ai↓ and ai↑ steps to the surface.
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Pseudocomplementification

Proposition 70
There is a polynomial transformation of the following format,

π SKS

τ
→

n∧
i=1

ai ∨ Xi

KS

τ ∨
n∨

i=1
ai ∧ Xi

for arbitrary formulae Xi, where ai are the atoms occurring in τ .

In such a derivation we call Xi the pseudocomplement of ai.
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Pseudocomplementification proof

π SKS

τ
→

n∧
i=1

ai ∨ āi

π′ MKS

τ ∨
n∨

i=1
ai ∧ āi

where π′ is ‘simple core’ of π.

→

n∧
i=1

ai ∨ Xi

π′′ MKS

τ [Xi/āi] ∨
n∨

i=1
ai ∧ Xi

by substituting Xi for āi.

On the board: finally, there are derivations

τ [Xi/āi]
KS

τ ∨
n∨

i=1
ai ∧ Xi

.
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The final proofs Tkπ

θn
k(a)

n·c↑

n∧
i=1




θn
k(a)

s
ai ∨ · · · ∨ ai

ac↓
ai

∨ θn
k(a)[f/ai]




pseudo(π) KS

τ ∨

n∨
i=1




ai
ac↑

ai ∧ · · · ∧ ai
∧

θn
k(a)[f/ai]

(3)

θn
k+1(a)[t/ai]

s
θn

k+1(a)




n·c↓
θn

k+1(a)
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Self-contained proof of simulation of truth tables
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Assignments
An assignment of variables a1, . . . , an is some A ∈ {0, 1}n.

We associate with an assignment its characteristic formula. E.g.:

A : 0 1 1 · · · 0

χA : ā1 ∧ a2 ∧ a3 ∧ · · · ∧ ān

From each τ such that A � τ we can build a derivation as follows:

if τ is a literal a: if A � A: if τ is A ∧ B:

χA
w↑

a

χA
ΦA(A)

A
=

A ∨
f

w↓
B

χA
c↑

χA
ΦA(A)

A
∧

χA
ΦA(B)

B

NB: This part can even be carried out within cut-free sequent calculus.
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‘Experiments’ in deep inference

We can plug together these derivations to conduct a ‘case analysis’ style
argument in deep inference.

Proposition 71
There are polynomial-size {ai↓, c↑, s}-proofs of

∨
A χA.

Proof.
By induction on n, the number of variables.

t
ai↓

a ∨ ā
∧

∨
A χA

c↑∨
A χA ∧

∨
A χA

2·s
a

ac↑
a ∧ · · · ∧ a

∧∨A χA
s ∨

A a ∧ χA
∨

ā
ac↑

ā ∧ · · · ∧ ā
∧∨A χA

s ∨
A ā ∧ χA
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The simulation of truth tables

Theorem 72
KS+ polynomially simulates truth tables with flows of constant length.

Proof.
Notice that a tautology τ is modelled by all assignments.
Construct the following proof:

{ai↓,c↑,s}
∨A




χA
ΦA(τ) {c↑,w↓,w↑}

τ






c↓
τ

Corollary 73
KS polynomially simulates truth tables.
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Proof of FPHPn from contradiction
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KS-proofs of FPHPn

pst ∧ p̄st
=

pst ∧ p̄st ∧
t

i↓ ∧
j 6=t

p̄sj ∨
∨
j 6=t

psj

2·s

∧
j

p̄sj ∨




pst
(n−2)·ac↑

pst ∧ · · · pst
∧ ∨

j 6=t
psj

{s}∨
j 6=t

pst ∧ psj




w↓
FPHPn

(Just like for truth tables, this crucially relies on deep inference.)
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Lecture 5.1: Quasipolynomial-size proofs of the
pigeonhole principle via atomic flows

Main reference for this talk:

I D. On the Pigeonhole and Related Principles in Deep Inference and
Monotone Systems. [15]

Previous influential work on the monotone sequent calculus:

I Atserias et al. Monotone Proofs of the Pigeon Hole Principle. [1]
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The unrestricted pigeonhole principle

I Remember the functional pigeonhole principle from last time?

FPHPn :=
n∧

i=0

n∨

j=1

pij →
n∨

j=1

∨

i 6=i′
(pij ∧ pi′ j) ∨

n∨

i=0

∨

j 6=j′
(pij ∧ pij′)

I NB: FPHPn and PHPn are equivalent by simple proofs over weak
base theories when negation is present.

I In this section we show that there are KS+-proofs of PHPn with
flows of polylogarithmic length, hence:

Theorem 74 (D.)
There are quasipolynomial-size proofs of PHPn in KS.
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Flashback to threshold functions

Remember those threshold formulae from last time?

θ2n
k (a,b) :=

k∨

i=0

θn
i (a) ∧ θn

k−i(b)

Notice that counting functions are symmetric:

THn
k(a) = THn

k(σ(a))

for any permutation σ ∈ Sn.

But what is the complexity of proving this?

Question 75
What is the size of proofs of θn

k(a)→ θn
k(σ(a))?
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Symmetry via transpositions

Remember from last time that there are MKS derivations:

θn
k(· · · f · · · )

θn
k+1(· · · t · · · )

and

θn
k+1(· · · t · · · )

θn
k(· · · f · · · )

Consequently we obtain MKS derivations:

θn
k(· · · t · · · f · · · )

θn
k(· · · f · · · t · · · )

On the board: we can use this to achieve arbitrary transpositions.

Problem: these derivations have flows of length ≈ n.
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Proof idea

I Let LPHPn and RPHPn be the LHS and RHS of PHPn, respectively.

I We will use the following outline of a proof of PHPn:

LPHPn+1
n

(1)
=⇒ THn(n+1)

n+1 (pij)
(2)

=⇒ THn(n+1)
n+1 (pji)

(3)
=⇒ RPHPn+1

n .

I This basic proof template was first used by Buss, and adapted by
Atserias et al. for monotone proofs.

I (1) and (3) have simple proofs with flows of constant length.
We focus on (2).

I In particular we formulate divide-and-conquer inductions to
control the length of atomic flows.
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Decomposition of matrix transposition

I The specific permutation required corresponds to the
transposition of a matrix.

Observation 76
If B and C are matrices of equal dimensions, then

(
A B
C D

)ᵀ
=

(
Aᵀ Cᵀ

Bᵀ Dᵀ

)
.

I Attempting a divide-and-conquer we obtain

(
A B

)ᵀ
=

(
Aᵀ

Bᵀ

)
and

(
C D

)ᵀ
=

(
Cᵀ

Dᵀ

)
.

I To achieve the full transposition from these, we need to interleave
the rows of these two matrices.
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Decomposition of matrix transposition

I Let a� b denote the perfect interleaving of vectors a,b.

Observation 77

(a,b)� (c,d) = (a� c,b� d)

I This yields a divide-and-conquer strategy for interleaving vectors.

Lemma 78 (On the board)
There are monotone proofs of THn

k(a,b, c,d)→ THn
k(a, c,b,d) of size

nO(log n) with flows of constant length.
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Main results

Theorem 79
There are monotone proofs of THn

k(A)→ THn
k(Aᵀ) of size nO(log n) and

whose flows have length O(log2 n).

(The log2 n comes from the fact that we have used two
divide-and-conquer inductions, one nested inside the other).

Corollary 80
There are KS proofs of THn

k(A)→ THn
k(Aᵀ) of size nO(log2 n) and flows of .

Corollary 81
There are KS proofs of PHPm

n of size quasipolynomial in m, n.
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Discussion

I We constructed quasipolynomial-size normal proofs of PHPn,
matching the best known bound for monotone proofs.

I We can generalise the matrix transposition argument to arbitrary
permutations. In particular this gives us a framework in which to
conduct counting arguments in KS.

I One outcome of this argument is that bounds on monotone proofs
of the weak pigeonhole principle can be improved.

I All this suggests that KS is rather powerful, but the fundamental
question remains:

Open problem 82
Does KS (quasi)polynomially simulate SKS or KS+?
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the notion of proof system give us a natural target
for designing formalisms. Our goal is the answer to:

Question Which formalism describes the proof sys-
tems with the most abstract proofs?

The question is vague but it is useful to understand
this project and our previous work on deep infer-
ence. Our goal is to design a formalism of efficient
and natural proof systems, and the idea is to pro-
gressively refine the syntax, while being guided by
semantics (naturality) and while making sure that
the complexity of proofs decreases (efficiency).

Proof semantics itself is not set in stone, it is an ac-
tive field of research, very close to the semantics
of programming languages and especially game se-
mantics. Proof theory and semantics have had for
decades a very fruitful interaction that continues to-
day. This is also true of this project, where Guglielmi
and McCusker represent the two disciplines.

Following Girard’s intuition, we are interested in se-
mantics that capture the special geometric nature
of proofs that has surfaced in our previous work in
deep inference. In fact, deep inference [15, 18] is
based on a free proof composition mechanism that
generalises and preserves analyticity, while bounding
the complexity of each inference step, in a property
that we call locality. It turns out that we can exploit
locality to obtain geometric models of normalisation
of finer granularity than that of proof nets.

We have already made three steps closing in on our
target, by designing three mutually compatible gen-
eralisations of Gentzen formalisms. They are com-
patible because they represent different levels of ab-
straction for proofs of the same nature, enjoying the
same normalisation dynamics. The formalisms are:

Calculus of structures (2001) It generalises Gentzen
and has later been developed into a complete
proof theory encompassing a wider range of

logics than Gentzen’s [15, 2].
Atomic flows (2008) They prove that normalisa-

tion is an independent phenomenon from syn-
tax and suggests further abstractions for for-
malisms. Atomic flows, contrary to proof nets,
are purely geometric objects [16, 19].

Open deduction (2010) Inspired by atomic flows, it
removes a specific and pervasive kind of bu-
reaucracy while generalising and preserving
all the properties of the more syntactic for-
malisms [18].16

In deep inference we can express important logics
for the verification of process algebras that cannot
be expressed in Gentzen theory [3, 17, 33]. So, our
formalisms are more powerful than the traditional
ones also in terms of expressivity.
Atomic flows and open deduction come from
project P217. At the end of that project we formu-
lated a few proposals for a new formalism and made
a preliminary study of some associated properties.
This project, if approved, will conclude that line of
research by defining Formalism B18, which is our
main goal, represented as a red cross in Fig. 1.

2.2 National Importance

Formal verification of computer systems has proved
to be a much more difficult enterprise than ex-
pected at its beginnings, and some prominent re-
searchers even speculated that formal methods
were doomed to fail, as argued in the famous 1979
article [9]. However, progress has been steady and
formal verification is now an important tool in the
design of computer systems. For example, MIT’s
Technology Review lists crash-proof code as one of
the ten 2011 emerging technologies likely to change

16Open deduction was formerly known as Formalism A.
17Project Démosthène, see Sect. 1.4 - Previous Funding.
18The name is provisional.

6

Achieving the power of Frege + substitution (possibly optimal proof
system) by incorporating substitution, guided by the geometry of flows:

the world.19 The development of formal verification
is now internationally perceived as strategic, for rea-
sons that are summarised in [1], where high profile
researchers counter the criticism of [9].
In the UK, our research is categorised by EPSRC as
Theory of Computation (maintain action) and Verifica-
tion and Correctness (grow action). As the reasons for
the maintain/grow actions recite, the UK is a recog-
nised world leader in logic-based approaches, the-
ory of computation has strong links with verification
and correctness, and this in turn has relevance to
the cross-ICT prioritiesMany-Core Architectures and
Concurrency in Embedded and Distributed Systems and
Towards an Intelligent Information Infrastructure.
Our project will help establishing in the UK a strong
group on deep inference, which has been described
many times by prominent scientists as one of the
few main innovations in proof theory.

2.3 Research Hypothesis and Objectives

We want to design Formalism B such that it ex-
presses proof systems with the following charac-
teristics:

• They have minimal complexity relative to all
known proof systems (efficiency).

• The proofs they represent are closer to se-
mantics than those of existing proof systems
(naturality).

At the core of Formalism B there is a substitution
notion for atomic flows that ensures low complexity
and the removal of a certain kind of proof bureau-
cracy. The set of atomic flows must then be closed
under substitution and subjected to certain equa-
tions. For example, this is what should happen when
the atomic flow on the right inside the parentheses
is substituted into the atomic flow on the left:

� � �
→ = .

The picture describes part of a proof in a dag-like
proof system ( represents dag sharing) where a
contraction ( ) occurs. The idea is that the geo-
metric properties of the substitution’s result are suf-
ficient to describe the dynamics of normalisation,
and the size of the atomic flows is polynomially re-
lated to the size of the proofs that they represent.

19http://www.technologyreview.com/article/372�6/.

At the end of P2 Guglielmi felt that appealing to
strong semantic principles was necessary in order
to choose the further properties of Formalism B. To
this purpose, in project P320, McCusker observed
that the crucial notion of atomic flow composition
can be associated with the category-theoretic prop-
erty of extra-naturality. The calculus of functors and
extra-natural transformations has an elegant repre-
sentation via string diagrams [10], and that will be
the starting point of this project.
After defining it, we want to equip Formalism B with
a basic study of its normalisation, complexity and
expressiveness properties. We then leave room for
two high profile but risky investigations: polynomial
normalisation in deep inference and a computational
interpretation of deep inference via atomic flows.

2.4 Programme and Methodology

The four core researchers and their expertise are:

AG A Guglielmi, deep inference, proof theory;
GM G McCusker, categorical and game semantics;
PB P Bruscoli, deep inference, proof complexity;
RA research assistant (to be hired), semantics.

The main goal of the entire project is the design of
Formalism B as a generalisation of open deduction.
We need to assess the consequences of the design
in the broadest possible perspective, in order to
avoid idiosyncrasies that could undermine its adop-
tion. The Mathematical Foundations group in Bath
provides a perspective that goes beyond proof the-
ory and normalisation. In particular, McCusker’s ex-
perience in semantics of logic and of programming
languages [6, 24, 25, 26] will be central, via category
theory as an organisational tool [24], and via geome-
try as a foundational tool [25, 27].
There are two themes, Efficiency and Naturality.21

Eff Efficiency

This theme will be mainly about understanding the
absolute and relative complexity of propositional
classical logic proofs in deep inference and their
atomic flows, when the following parameters vary:
a) depth of inference; b) presence or absence of the
cut rule (analyticity); c) presence or absence of ex-
tension and of substitution. All these mechanisms
can compress proofs, and because Formalism B aims
at compactness, they have an impact on its design,

20Project REDO, see Sect. 1.4 - Previous Funding.
21See a Gantt chart in Sect. 4 -Work Plan.
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Example of flow substitution

10 ALESSIO GUGLIELMI
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FIGURE 3. Example of flow substitutions.
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$$$$$$$& !
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! !

"
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"
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"

'
$$$$$$$(
$$$$$$$)

FIGURE 4. Example of flow substitution.

the subflows of kind , and are replaced according to the obvious

dual rules; the paths of ! are respected by the introduction of #co$contraction,
identity and cut nodes, as per Conventions 7 and 9.

If % is a set of flows we denote by %"& the set
,
"#%#""&$. We write ""! instead

of "" {!}.

The substitution into a cycle that we have seen before becomes:

" !
-

,
.

.

More complicated examples are in Figures 3, 4 and 5.
We can generate all the elements in a substitution " " & in a systematic way by

the following procedure:

The flows represent proofs. The bigger the set on the right, the more
bureaucracy is captured by the substitution, the smaller the set of
canonical proofs is.

Note the variety of shapes, all of which are equivalent. This is far more
flexible than permutation of rules and similar Gentzen mechanisms.
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Gundersen’s substitution trick

Substituting a proof φ inside an identity or cut stands for a set of proofs
with as many elements as ways to break φ.

This iterated mechanism alone generates one canonical form for an
exponentially big class of proofs.
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Lifting flow substitutions to proofs
14 ALESSIO GUGLIELMI

Consider the following two synchronal open deduction derivations:

� =

t
i# ������������������

a
c" �������
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_ ā
_ ā

= �������������������������������

(a ^ a) _
ā _ ā

c# �������
ā
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t

and  =
b _

f
���
b

�����������
b

.

We want to define a denotation for the formal substitution � | a  . One element in
the set of denotations of � | a  is

t
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(Personal) perspectives

I Formalism B: proof theory and proof complexity together in a
formalism which is by design as powerful as Frege + substitution.

I Reasonable solution to the proof identity problem [38].

I Logical interpretation of expressive process algebras.

I Typing and compiling optimal functional computations [25].
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