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1. Introduction

Deep inference is a young area in proof theory, which is the discipline that studies
mathematical proofs. It is a new methodology for designing proof formalisms that
generalise those introduced by Gentzen, in the ’30s, for the presentation of proof systems
[Gen69]. The conceptual origins of deep inference are mainly in the proof-theory area of
linear logic, initially developed by Girard, in the ’80s [Gir87]. The future of deep inference
tends towards proof complexity, combinatorics and the study of proofs via algebraic
topology. One of the most important open problems that deep inference intends to solve is
that of the identity of proofs (sometimes called Hilbert’s 24th problem [Thi03]); this is related to
the equally open problem of the identity of algorithms [BDG08].

Linear logic, among other ideas, supports the notion that logic has a geometric nature,
and that a more perspicuous analysis of proofs is possible if we uncover their geometric
shape, hidden behind their syntax. We can give technical meaning to this notion by looking
for linearity in proofs. In the computing world, linearity can be interpreted as a way to deal
with quantity or resource. The significance of linear logic for computer science has stimulated
a remarkable amount of research, that continues to these days, and that ranges from the
most theoretical investigations in categorical semantics to the implementation of languages
and compilers, verification of software, and other practical applications.1

Linear logic expresses its forms of locality by relying on Gentzen’s formalisms. However,
these had been developed for classical mathematical logic, for which linearity is not a
primitive, natural notion. While attempting to relate process algebras (which are foundational
models of concurrent computation) to linear logic, I realised that Gentzen’s formalisms were
inherently inadequate to express the most primitive notion of composition in computer
science: sequential composition. This is indeed linear, but of a different kind of linearity from
that naturally supported by linear logic.

I thought then that the linear logic ideas were to be carried all the way through and
that the formalisms themselves had to be ‘linearised’. Technically, this turned out to be
possible by dropping one of the assumptions that Gentzen implicitly used, namely that the
(geometric) shape of proofs is directly related to the shape of formulae that they prove. In
deep inference, we do not make this assumption, and we get proofs whose shape is much
more liberally determined than in Gentzen’s formalisms. As an immediate consequence,
we were able to capture process-algebras sequential composition, but we soon realised that
the new formalism was offering unprecedented opportunities for both a more satisfying
general theory of proofs and for more applications in computer science.

This web page contains up-to-date information about deep inference:

http://alessio.guglielmi.name/res/cos .

Experts in proof theory might find the web page Deep Inference in One Minute helpful:

http://alessio.guglielmi.name/res/cos/diom.html .

Date: May 5, 2011.
1A search for “linear logic” in Google Scholar returns 16,000 items.
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2. Achievements

Together with my students and colleagues, I started, in 2001, a research programme
whose objective was the definition of the simplest deep-inference formalism conceivable
and the development of its proof theory. We called the formalism the calculus of structures,
and, to a very large extent, its proof theory and its relations with computer science are
now understood. This is a summary of the achievements so far, with special emphasis on
computer science applications:

• Analyticity and automated deduction. Classical [Brü03a, Brü03b, Brü04, Brü06a,
Brü06d, BG04, BT01, Brü10a], intuitionistic [Hor06, Pos09, Tiu06a], linear
[Str03a, Str03b] and several modal logics [Brü10b, Brü09, Brü06c, BS09a, BS09b,
GT07, GPT08, GPT09, GPT10, GPT11, Hei05, HS05, SS05, Sto04, Sto07,
BGK10] are expressed in analytic systems. Contrary to deep inference, Gentzen’s
methodology has difficulties dealing with modal logics, to the point that for many of
them no analytic proof systems outside of deep inference are known. In particular,
modal logics B and K5, which don’t enjoy analytic presentations in Gentzen’s
formalisms, are expressed by simple analytic systems [Brü06c]. Analyticity is the
property that allows us to automatise the search for proofs, so, this property is
fundamental for automated deduction. Proof search systems have been implemented
for several logics [Kah04, Kah06a, Kah06b].

• Non-commutativity and process algebras. Mixed commutative/non-commutative linear
logics BV [Gug07, Kah06c, Kah07] and NEL [GS01, GS02, GS11, Str03c, SG10]
are expressed in analytic systems, and we proved that these logics cannot be
expressed analytically in Gentzen’s formalisms [Tiu06b]; these logics can directly
capture sequential composition in process algebras [Bru02], which we now know
to be impossible in Gentzen formalisms. They also capture the linear lambda
calculus with explicit substitutions [Rov11, Rov]. Languages and implementations
have been realised, based on these deep-inference notions [Kah, Kah05, Kah08a,
Kah08b, Kah09, Rei07]. In computer science, process algebras are used to model
communication protocols. The problem of proving the security of protocols has great
theoretical and practical relevance, and many methods in security rely on proof-
theory. The ability to express process algebras directly in logic is, then, a significant
achievement.

• Non-commutativity and causal quantum evolution. System BV is able to describe quantum
causal evolution [BGI+10]. This physical phenomenon causes several problems to
other logics which people considered for the task, like linear logic. The basic idea
is to represent quantum states as propositions and interaction as axioms [BPS08].
There is a close relationship with categorical models of BV [BPS11].

• Normalisation and language design. We developed general and powerful normalisation
techniques for deep-inference systems for the classical [Brü03a, Brü06a, GG08,
Gun09, GGS10, Str07a], intuitionistic [BM08], linear [Str03b], BV [Gug07]
and NEL [GS02, GS11, Kah06a, SG10] logics; we achieved new, unifying
normalisation notions, in addition to the traditional cut elimination one [Brü06b,
GGP10]. Normalisation is the key to the so-called Curry-Howard correspondence,
which plays a fundamental role in the design of functional languages. The concept
of type, which is one of the most successful programming concepts, relies on the
Curry-Howard correspondence, and, ultimately, on good normalisation properties
in the proof-theoretic foundation of language design.

• Locality and semantics. Most deep-inference deductive systems consist entirely of local
inference rules [Brü06d, DG04, Gug07, Sto07, Str02, Tiu06a]; a local inference
rule is one whose computational complexity is a constant. Locality is a difficult
property to achieve, and it is almost never achievable with Gentzen’s methods
[Brü03b], because of the necessity of duplicating formulae of unbounded size (lack
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of linearity). Thanks to locality, we could discover a new class of proof nets for
classical and linear logic [LS05a, LS05b, LS06, Str05, Str07c, Str09a, Str09b,
SL04, Str10]. Proof nets play a crucial role in understanding semantics of proofs
(see [Gui06, Hug04, Joi05, Lam07, LS05a, LS06, McK05, McK06, Str07b] for
deep-inference contributions). Semantics of programming languages and of proof
systems are mostly developed in parallel and they share the same mathematical
structures.

• Proof and computational complexity. Proof theory and computational complexity are
intimately related (mainly via the ‘NP vs coNP’ problem and its derivatives).
Some recent results show that deep inference allows for analytic formalisms that
are exponentially more efficient than Gentzen ones [BG09, Jap08, Das11], so
contributing to the research on complexity lower bounds. Normalisation in the
calculus of structures exceeded expectations: The works [BGGP11, BGGP10,
BGGP09, Jeř09] show that quasipolynomial analytic proofs can be obtained by
normalisation, instead of exponential ones as expected.

3. Perspectives

We can consider the initial development of the calculus of structures basically completed.
I am now turning my attention towards the design of an evolution of the calculus of structures
that, while retaining all its good proof-theoretical and complexity properties, will be at
the same time closer to semantics and implementations. The new formalism is currently
dubbed Formalism B and I am defining it together with Tom Gundersen (Bath) and Michel
Parigot (CNRS Paris). This formalism will be a fundamental step towards solving the
problem of the identity of proofs.

Formalism B’s proofs are, in essence, geometric objects, and we reason and manipulate
them mainly via topological and graph-rewriting transformations. The difference between
Formalism B systems and proof nets [Gir87] is that the latter are not a proof system
(in the precise sense of proof complexity), and so, deduction cannot be efficiently and
directly performed on them. On the contrary, Formalism B proofs can be subjected to
standard automated deduction techniques, and so they offer a suitable basis for applications.
Due to their geometric nature, they do not suffer from so-called bureaucracy, which is a
phenomenon that plagues traditional formalisms in two ways: 1) it unnecessarily increases
non-determinism in proof-search, and 2) it unnecessarily widens the gap between syntax
and semantics of proofs.

Solving the problem of the identity of proofs requires the creation of a wide array of
proof normalisation techniques for a bureaucracy-free formalism, so that, for any given
notion of equality of proofs, appropriate representations and decision procedures can be
designed. Formalism B is bureaucracy-free, and my plan is to contribute to and to stimulate
its development, as I did with the calculus of structures. The calculus of structures showed
the validity of the deep-inference methodology; I think that Formalism B will be the tool to
fully exploit deep inference both in the theory and the practice of computation.

Formalism B will be the basic setting where to carry on several proof-theoretical,
semantical and proof-complexity investigations. My intention is to promote it as the most
flexible and universal formalism for the study of the structural properties of proofs of the
widest variety of logics. As for the calculus of structures, applications will be explored in
automated deduction, process algebras, language design and semantics of programming
languages.

Moreover, I intend to stimulate the development of experimental tools that should help
the research outlined above. Experience suggests that much of our research benefits from
the study of complex examples of proofs, that are increasingly more difficult to generate by
hand. We will continue the development of proof assistants based on Maude (I’m referring
especially to the cited works of Ozan Kahramanoğulları).
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The recent developments in proof complexity suggest that the study of the proof
complexity of deep inference can be a highly rewarding subject. The nature of deep
inference proofs allows us to access the deep combinatorial nature of boolean functions in
a much more direct way than any other formalism. We should then expect to understand
more of the structure of boolean functions. In particular, deep inference should help design
classes of tautologies for the study of lower bounds. In fact, deep inference is more efficient,
proof-complexity-wise, than any other formalism. This means that it is more demanding
than all others in the quest of lower bounds, and this makes it attractive, because lower
bounds for deep inference are universal.

As I have been doing so far, I intend to work in close contact with computer scientists
involved in the design and semantics of programming languages and with mathematicians
in combinatorics and algebra. For me, proof theory is, primarily, a tool to understand
computation. More specifically, it is one of our best hopes to be, one day, able to master
the complexity of computation in such a way that the design of computer systems will be a
solid science.

4. Brief History and Funding

Paola Bruscoli (who is an active deep-inference researcher) and I have been employed
at the Technische Universität Dresden from 1998 to 2005, and research in deep inference,
under my supervision, was further financed by 3 PhD studentships (Brünnler, Straßburger
and Kahramanoğulları), full time for 3 years, for a value of approximately €510,000 (DFG
Graduiertenkolleg 334 and 446).

I am now employed at the University of Bath (after having been on leave at INRIA as
research director of the project Démosthène, in 2009 and 2010).

I have been principal investigator for the £118,072 EPSRC project Complexity and
Non-determinism in Deep Inference (total value, £147,591); I was principal investigator for two
British Council 2-year travel schemes with Paris (New Deductive Systems, Normalisation Methods
and Semantics for Deep Inference) and Dresden (Analyticity and Proof Search for Modal Logics in Deep
Inference) for a value of £6,950 for my research group in Bath.

Deep inference enjoys the grant Theory and Application of Deep Inference (coordinated by
my former student Lutz Straßburger) for €230,400, and a total project cost of €1,280,598,
from Agence Nationale de la Recherche (France).

Deep inference enjoyed a grant of €750,448, of which €355,056 from the French Agence
Nationale de la Recherche and the rest from INRIA, for a Senior Chaire d’Excellence, employing two
research directors (myself, principal investigator, full time, and François Lamarche, for 25%
of his time) and a researcher (Paola Bruscoli). The title of the project was Démosthène—Identity
and Geometric Essence of Proofs.

Deep inference was one of the main themes of a further grant of €80,000 for 2009-
2010 from INRIA, for an Action de Recherche Collaborative: a two-year project of the teams
Calligramme/Démosthène and Parsifal (INRIA) and the Computer Science Department
of the University of Bath. Title of the project: REDO: Redesigning Logical Syntax. I was
principal investigator, with François Lamarche and Lutz Straßburger (coordinator).

Deep inference is one of the main themes of the project Structural and Computational
Proof Theory (Structural), from 2010 to 2012 (ANR-Programme Blanc International/FWF 2010).
This project runs at PPS (École Polytechnique), LIX (Paris VII), Innsbruck and Vienna.
The project has a total value of €2,324,133. Michel Parigot is coordinator and principal
investigator.

Several groups have small travel grants that keep the various laboratories connected.
Deep inference is currently, mainly being developed at the University of Bath, University

of Bern, Australian National University in Canberra, University of Turin, INRIA–Nancy-
Grand-Est in Nancy, INRIA–Saclay-Île-de-France and CNRS in Paris. Research groups
elsewhere have been active on deep inference in the past. I have ongoing relations with all
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these laboratories. Since 2005, there have been at least two international workshops per
year devoted to deep inference.

The following document is an updated bibliography on deep inference:

http://alessio.guglielmi.name/res/TeX/BibTeX/di-biblio.pdf .
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