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ALESSIO GUGLIELMI

Problem 1. Let us consider the language P of strings over the alphabet {(, )}; for
example, s = (()()))()()( and t = (())() are two strings in P of length, respectively, 12 and
6; of course, the empty string  of length 0 belongs to P as well. A pre x of a string x is any
string y such that there exists a string z for which x = yz; for example , (()( and (()()))()
are three of the thirteen pre xes of string s.
We now consider two notions de ned for the strings of P :
(1) A string x is 1-balanced iff:
(a) x has an equal number of ('s and )'s, and
(b) any pre x of x has at least as many ('s as )'s.
(2) 2-balanced strings are such that:
(a)  is 2-balanced;
(b) if x is 2-balanced then (x) is 2-balanced;
(c) if x and y are 2-balanced, then so is xy;
(d) nothing else is a 2-balanced string.
Prove by induction on the length of strings that the two notions of 1-balanced string and
2-balanced string are equivalent, i.e., prove that if x is 1-balanced than x is 2-balanced and
vice versa.
Problem 2. We say that a binary relation R on a set S (i.e., R ⊆ S 2 ) is
• re exive if aRa for all a ∈ S;
• symmetric if aRb implies bRa;
• transitive if aRb and bRc implies aRc.
(Note: we write, as customary, aRb instead of (a, b) ∈ R.)
Give an example of a relation that is symmetric and transitive but not re exive.
Problem 3. Let P be a set of properties of relation R; for example, we can refer to
Problem 2 and consider P = {re exive, symmetric, transitive} and any of its subsets. We
call the P-closure of R the smallest relation R0 such that R ⊆ R0 and such that R0 possesses
the properties in P.
Find the {transitive}-closure, the {re exive, transitive}-closure and the {symmetric}closure of the relation
{(1, 2), (2, 3), (3, 4), (5, 4)} .

? ? ?
You can nd these and more exercises in [2]. The web page for the course is at [1].
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